Published by Institute of Physics Publishing for SISSA/ISAS Received: July 27, 2004 Revised: October 8, 2004 Accepted: October 28, 2004

Chirally improving Wilson fermions 2. Four-quark operators

Roberto Frezzotti

INFN, Sezione di Milano Dipartimento di Fisica, Università di Milano “Bicocca” Piazza della Scienza 3, 20126 Milano, Italy E-mail: Roberto.Frezzotti@mib.infn.it

Giancarlo Rossi

Dipartimento di Fisica, Università di Roma “Tor Vergata” INFN, Sezione di Roma “Tor Vergata” Via della Ricerca Scientifica, 00133 Roma, Italy, and NIC/DESY Zeuthen, Platanenallee 6, D-15738 Zeuthen, Germany E-mail: rossig@roma2.infn.it

Abstract: In this paper we discuss how the peculiar properties of twisted mass lattice QCD at maximal twist can be employed to set up a consistent computational scheme in which, despite the explicit breaking of chiral symmetry induced by the presence of the Wilson and mass terms in the action, it is possible to completely bypass the problem of wrong chirality and parity mixings in the computation of the CP-conserving matrix elements of the ΔS = 1, 2 effective weak hamiltonian, and at the same time have a positive determinant for pairs of non-degenerate quarks, as well as absence of O(a) discretization effects in on-shell quantities with no need of improving lattice action and operators.

Keywords: Lattice Gauge Field Theories, Weak Decays, Lattice QCD.

© SISSA/ISAS 2004 http://jhep.sissa.it/archive/papers/jhep102004070 /jhep102004070 .pdf

Contents

1. Introduction 2

2. Sea and valence quarks 4 2.1 Symmetries and renormalization 5 2.2 Sea quark determinant 7 2.3 Renormalization constants and O(a) improvement 8 2.3.1 O(a) improvement via Wilson averaging 9 2.3.2 O(a) improved results from a single simulation 9 2.4 Some conclusive observations 10

3. The B_K parameter 11 3.1 A convenient lattice discretization of C_K′_{QK} 13 3.2 Proof of the absence of mixing in Q^{ΔS=2}_{V V +AA} 15

4. The ΔI = 1/2 rule from K → ππ amplitudes 17 4.1 Kaon decay amplitudes 18 4.2 Correlation functions and valence quarks 18 4.3 A convenient lattice discretization of the C^{(4s10v)}_{±,Kππ} correlators 20 4.4 Some observations 21 4.5 The renormalization properties of Q^±_{V A+AV} 22 4.5.1 Operators of dimension lower than six 22 4.5.2 Operators of dimension six 24

5. The ΔI = 1/2 rule from K → π amplitudes 25 5.1 Correlation functions and valence quarks 25 5.2 A convenient lattice discretization of the C^{(4s10v)}_{±,Kπ} correlators 26 5.3 The renormalization properties of Q^±_{V V +AA} 27

6. Concluding remarks 28 6.1 Critical mass and O(a) improvement 29 6.2 Tests and numerical issues 30 6.3 Outlook 31

A. Renormalizability of the lattice model (2.1) 31 A.1 Sea quark sector 32 A.2 Valence quark sector 33 A.3 Sea and valence quark mass renormalization 34

B. Isospin and parity breaking effects in the light quark sector 36

– 1 –

C. Absence of the mixing of Q^±_{V A+AV} with operators of dimension six 37 C.1 The operator Q^{± [0]}_{V A+AV} 37 C.2 The operator Q^{± [1]}_{V A+AV} 38

1. Introduction

In this paper we want to give an explicit set of rules that, within the computational scheme offered by the maximally twisted lattice regularization of QCD [1, 2], allows to extract from simulation data the matrix elements of the CP-conserving part of the ΔS = 1, 2 effective weak hamiltonian (H^{ΔS=1}_{eff} and H^{ΔS=2}_{eff} ) between pseudo-scalar mesons with no contamination from mixing with operators of wrong chirality or parity, nor O(a) discretization errors. In contrast, a rather complicated mixing pattern has to be considered in order to construct multiplicatively renormalizable chirally covariant operators if, instead, the standard Wilson fermion regularization is employed [3].

To achieve these remarkable results we will have to treat on different footing internal (sea) and boundary (valence) quark lines. Non-degenerate sea quarks are introduced in pairs and regularized as described in [4]. In this way one gets a real, positive determinant with no vanishing eigenvalues for non-zero values of the quark mass, thus also solving the well known problems with the spectrum of the standard Dirac-Wilson operator. We immediately note that, through quark loops, all lattice quantities at finite a will obviously depend on the set of Wilson parameters, {r_p}, associated to all the dynamical pairs of quarks (p = ℓ(ight), h(eavy), . . .) present in the action.

As for valence quarks, a precise choice of their flavour structure and regularization scheme has to be made. In this paper we will discuss in detail the case in which valence quarks are introduced à la Österwalder and Seiler [5, 2], but one could equally well imagine to employ fermions obeying the Ginsparg-Wilson (GW) relation [6] for this purpose [7]. In this case O(a) improvement and no wrong chirality mixing is also achieved, though at the expenses of a fairly larger computational burden compared to what is necessary for the inversion of the standard or twisted Wilson-Dirac fermion operator. It should be immediately observed, however, that the effort to invert, say, the overlap [8, 9] operator is not expected to be larger than that of stochastically evaluating the twisted determinant.

In this paper we want to stick to Wilson-like fermions. We will show that one can still attain the ambitious goals mentioned above within the twisted mass regularization of QCD, with a judicious choice of the structure of the regularized valence quark action. More precisely, we propose to describe each valence flavour, f, with an action of the type

S^{(π/2)}_{OS} [q_f , q̄_f , U] = a^4 ∑ x q̄_f (x) [ γ · ~∇ + e^{−iωγ5} W_{cr}(r_f ) + m_f ]| |_{ω=π/2}q_f (x) = a^4 ∑ x q̄_f (x) [ γ · ~∇ − iγ_5W_{cr}(r_f ) + m_f ] q_f (x) , (1.1)

– 2 – where γ · ~∇ ≡ 1 2 ∑ μ γ_μ(∇^⋆_μ + ∇_μ) , (1.2)

W_{cr}(r_f ) ≡ −a r_f 2 ∑ μ ∇^⋆_μ∇_μ + M_{cr}(r_f ) , (1.3)

with r_f the Wilson parameter for the flavour f and M_{cr}(r_f ) the corresponding critical quark mass. As remarked above, in the full theory M_{cr}(r_f ) also depends on the set of sea quark parameters {r_p}, though for short we have not indicated this dependence.^1 We will specify below more carefully what is to be meant by “critical mass” in the present context. We wrote the valence quark action in the so-called “physical basis” [2], where m_f is taken to be real (and positive).

The key feature we will exploit in the following is the freedom to regularize each flavour with an appropriately chosen value (of the sign) of the r parameter in front of the corresponding Wilson term.

One might wonder at this point whether the scheme we are proposing is a consistent one, precisely in view of the fact that we are regularizing quarks in different manners according to whether they are sea or valence quarks. It is not difficult to convince oneself that, provided renormalized sea and valence quark masses of the same flavour are made to coincide, this is indeed so. The idea of the argument is to introduce compensating lattice ghost fields (à la Morel [10]) to exactly cancel the fermion determinant of the valence quarks and exploit the symmetries of the extended (local) theory [11] to prove that the Green functions of operators constructed in terms of only ordinary fields have the expected renormalization properties as the lattice spacing, a, is sent to zero (see appendix A for some detail).

We will show that, by replicating some of the valence flavours (and accompanying ghosts) and regularizing them with Wilson terms of suitably chosen signs, the resulting lattice action turns out to have a sufficiently large symmetry so as to imply the cancellation of all the unwanted mixings in the lattice computation of the matrix elements of the CPconserving ΔS = 1 and ΔS = 2 effective weak hamiltonian. It is important to remark that all these modifications of the lattice action can be made without spoiling the “magic” improvement properties of maximally twisted LQCD [2].

A preliminary study of the scaling properties of maximally twisted LQCD in the quenched approximation has been carried out in ref. [12], where measurements of the pion decay constant and the mass of the vector particle have been performed in the interval β = 5.85 ÷ 6.2. Data extrapolate very smoothly to the continuum limit with residual discretization errors consistent with the expected O(a^2) behaviour.

Concluding, we wish to cite the nice paper of ref. [13] in which an interesting step in the direction of alleviating the renormalization problems of the H^{ΔS=1,2}_{eff} operators within the framework of twisted mass LQCD (tm-LQCD) has been taken. The authors show that,

1Unless differently stated, we employ here the notations of ref. [2]. In particular, the ubiquitous dependence on the bare gauge coupling, g^2_0 , will always be omitted.

– 3 – with an appropriate choice of the twisting angles of the various flavours, in the computation of K → π transitions it is possible to remain with at most a linearly divergent counterterm, which in some partially quenched approximation can be even reduced to a finite one.

The plan of the paper is as follows. In section 2 we discuss how valence quarks must be introduced and regularized in order not to loose O(a) improvement and at the same time be ready to get cancellation of wrong chirality and parity mixings in the relevant physical amplitudes. In section 3 we present the strategy for the calculation of B_K , showing how in practice one can get rid of O(a) discretization errors and completely dispose of the contributions potentially coming from the mixing of the bare operator H^{ΔS=2}_{eff} with operators of unwanted chirality and parity. In sections 5 and 4 we extend this procedure to the calculation of the K → π and K → ππ matrix elements of the CP-conserving H^{ΔS=1} eff operator. A few concluding remarks can be found in section 6. Technical details are relegated in some appendices.

2. Sea and valence quarks

In this paper we will consider QCD with four active quark flavours, a situation which represents a rather realistic framework for the computation of the hadronic matrix elements of the effective weak hamiltonian. For the reasons explained in the Introduction we regularize in a different way sea and valence quarks and thus we take the lattice action to be of the form

S = S_g[U] + ∑ p=ℓ,h S^{(π/2)}_{tm} [ψ_p, ψ̄_p, U] + ∑ f [ S^{(π/2)}_{OS} [q_f , q̄_f , U] + S^{(π/2)}_{gh} [ϕ_f , U] ] , (2.1)

where U are the gauge link variables and S_g[U] stands for any sensible discretization of the pure gauge action. We briefly comment on the three “fermionic” bits of this action.

• Sea quarks (p = ℓ, h) are arranged in non-degenerate pairs: ψ_ℓ with components u_{sea}, d_{sea} (ℓight doublet) and ψ_h with components s_{sea}, c_{sea} (heavy doublet). As proposed in ref. [4], they will be described by the maximally twisted action^2

S^{(π/2)}_{tm} [ψ_p, ψ̄_p, U] = a^4 ∑ x ψ̄_p(x) [ γ · ~∇ − iγ_5τ_1W_{cr}(r_p) + m_p − ϵ_pτ_3 ] ψ_p(x) (2.2)

with τ_1 and τ_3 acting in flavour space. Integration over the sea quark fields leaves behind a real positive (for |ϵ_p| < |m_p|, p = ℓ, h) determinant (see ref. [4] and section 2.2).

• Valence quarks are denoted by q_f . Each valence quark will be described by the OS lattice action, S^{(π/2)}_{OS} [q_f , q̄_f , U], specified in eq. (1.1). Since it will turn out to be necessary to introduce “replicas” of the usual u, d, s, c quark fields, we immediately notice that the range of variability of the index f will cover the more extended set of values u, u^′, u^{′′}, . . . , d, d^′, d^{′′}, . . . , s, s^′, s^{′′}, . . . , c, c^′, c^{′′}, . . . .

2With respect to ref. [4] we have inverted the sign in front of the mass splitting term.

– 4 –

• In order to have a local representation of correlators with insertion of valence quarks, each q_f will be introduced with an accompanying ghost, ϕ_f , which has the only purpose of exactly canceling the corresponding valence determinant [10]. The action of each ghost reads

S^{(π/2)}_{gh} [ϕ_f , U] = a^4 ∑ x ϕ^†_f (x) sign(m_f ) [ γ · ~∇ − iγ_5W_{cr}(r_f ) + m_f ] ϕ_f (x) . (2.3)

The (complex) field ϕ_f is an euclidean commuting spinor in the fundamental representation of the gauge group with precisely the same value of the mass parameter, m_f , and the same lattice regularization as the quark field, q_f , it corresponds to. Since we will never need to consider correlators with insertions of ghost fields, nor graded field transformations (which turn valence ghosts into valence quarks and viceversa), we do not need to introduce the sophisticated and powerful formalism developed in [11]. The factor “sign (m_f )” in the ghost action (2.3) is inserted in order to guarantee the convergence of the gaussian integral over the ϕ_f field in case m_f < 0 [11]. Indeed, with the purpose of discussing renormalizability and O(a) improvement of the correlation functions computed with the action (2.1), in the following we will introduce spurionic symmetries that involve the inversion of the sign of m_f . Thus the case of negative m_f arises, even if one starts with m_f > 0.^3

As it is formulated, the lattice model with action (2.1) can be viewed as an euclidean statistical theory where the approach of correlation functions to the continuum limit can be discussed on the basis of standard power counting and symmetry arguments. In particular it turns out that renormalized correlation functions admit a well defined continuum limit provided, besides suitably rescaling the bare gauge coupling and setting the critical mass parameters of sea and valence quarks (and corresponding ghosts) to the appropriate values, for each flavour renormalized masses of sea and valence quarks (and ghosts) are given the same numerical value. Actually a continuum limit exists even if renormalized sea and valence quark masses of the same flavour are given different values: however, we will not consider the possibility of partial quenching in this paper.

Energy levels and operator matrix elements of QCD with four quark flavours can be extracted from correlation functions of the model (2.1) with neither ghost nor sea quark fields. As for correlators with sea quark fields, they are also perfectly well defined and are needed, for instance, to compute the renormalization constants Z_P and Z_S (see eq. (2.6) below and appendix A).

2.1 Symmetries and renormalization

Since the lattice regularizations of sea and valence quarks are not identical, implementing the equality of sea and valence renormalized quark masses requires the knowledge of the relation between bare and renormalized masses. Such a relation follows, as usual, from the

3Notice that the factor sign(m_f ) does not introduce any spurious non-analytic behaviour of the ghost determinant in m_f , as its presence only amounts to rescaling the determinant by an overall field-independent factor, which in any case drops out from (connected) correlators.

– 5 – analysis of the symmetries of the model described by the action (2.1). The result of this analysis, which is presented in appendix A, can be summarized as follows.

• A unique (dimensionless) lattice function, f_{cr}(r_1; r_2, r_3), exists in terms of which all critical masses can be expressed. Besides the coupling constant (which, as we said, we do not show explicitly), f_{cr} depends on the Wilson parameter, r_1, of the quark whose critical mass is being considered and on the Wilson parameters of sea quarks. The former — which appears only in the “external” lines of the diagrams relevant for the study of quark mass renormalization — can be r_f , or either r_ℓ or r_h, depending on whether we are dealing with valence or sea quark masses. The further dependence upon the Wilson parameters r_2 ≡ r_ℓ and r_3 ≡ r_h is the one that comes from “internal” loops.

In the following for short the dependence on sea quark r-coefficients (r_ℓ and r_h) will always be understood. Thus the relevant formulae for the critical masses will be written in the form

sea aM_{cr}(r_p) = f_{cr}(r_p; r_ℓ, r_h) , p = ℓ, h , (2.4) valence aM_{cr}(r_f ) = f_{cr}(r_f ; r_ℓ, r_h) , all f^′s . (2.5)

It may be worth noting that also for valence quarks the value of the critical mass is determined by the requirement that q̄_f γ_5W_{cr}q_f (eq. (1.3)) is a truly dimension five (irrelevant) operator.

• The renormalized quark mass parameters are related to their bare counterparts by the relations

m̂^±_p = Z^{−1}_P (r_p)m_p ± Z^{−1}_S (r_p) ϵ_p , p = ℓ, h , (2.6) m̂_f = Z_m (r_f )m_f , all f^′s , (2.7)

where ± refers to the high and low mass components of each sea quark pair. Also in the above renormalization constants the dependence on the Wilson parameters that enter only through internal loops will be understood in the following. In other words, we will write Z_I (r) as a shorthand for Z_I (r; r_ℓ, r_h), I = m, P, S, . . ..

• Z_P (r_p) and Z_S (r_p) are the renormalization constants of the (non-singlet) sea quark bilinears ψ̄_pγ_5τ_{2,3}ψ_p and ψ̄_pτ_{2,3}ψ_p, respectively. They can be determined by requiring that the chiral Ward-Takahashi identities (WTI’s) of the model (2.1) with insertions of sea quark field operators have the form expected in the corresponding continuum target theory.

• Z_m(r_f ) is the inverse renormalization constant of the operator q̄_f q_f . The renormalized expression of the latter, in the model we are considering, is Z^{−1}_m (r_f )[q̄_f q_f + m_f c_{q̄q}(r_f , am_f )a^{−2}], where the dimensionless coefficient c_{q̄q} is even in r_f and am_f .^4

4These properties of cq̄q follow from the spurionic invariances R^{sp}_{5f} (eq. (2.16)) and P5 × (M → −M) (eqs. (A.9) and (2.12)).

– 6 –

Z_m(r_f ) is even in r_f , as it follows, for instance, from the argument given below eq. (2.21), and obeys the relation

Z_m(r) ≡ Z_m(r; r_ℓ, r_h) = Z^{−1}_P (r; r_ℓ, r_h) . (2.8)

• Conservation of each of the N valence flavour quantum numbers is ensured by the invariance of (2.1) under the U(1) transformations (f = 1, . . . , N)

I_f : { q_f (x) → e^{iθf} q_f (x) , q̄_f (x) → q̄_f (x)e^{−iθf} q_g(x) → q_g(x) , q̄_g(x) → q̄_g(x) if g ≠ f

(2.9)

with θ_f a real parameter. Larger vector valence flavour symmetries of course exist if several valence quark species have identical Wilson parameters (and bare masses).

• The flavour singlet axial current J_{5μ} = ∑_N f=1 q̄_f γ_μγ_5q_f , made out of exclusively valence quarks, exhibits the correct anomaly, proportional to N [14].

Generalizing the arguments given in ref. [2], one can prove that f_{cr}(r_1; r_2, r_3) is odd in r_1. For instance, if we take r_1 = r_f , proving that f_{cr} is odd in its first argument is equivalent to prove that M_{cr}(r_f ) is odd under r_f → −r_f . This result follows (see appendix A for details) from the observation that under the changes of integration variables

R_{5f} :

q_f (x) → q^′_f (x) = γ_5q_f (x) q̄_f (x) → q̄^′_f (x) = −q̄_f (x)γ_5 ϕ_f (x) → ϕ^′_f (x) = γ_5ϕ_f (x)

(2.10)

the valence quark (plus ghost) action is invariant if we also invert the sign of r_f and m_f [2].

An analogous argument applies if we were to consider the critical mass of sea quarks. In this case one has to perform the change of variables

R_{5p} : { ψ_p(x) → ψ^′_p(x) = γ_5ψ_p(x) ψ̄_p(x) → ψ̄′_p(x) = −ψ̄_p(x)γ_5 (2.11)

and exploit the fact that for each value of p the fermionic determinant is an even function of the corresponding Wilson parameter, r_p (see section 2.2).

In the following for any r ∈ {r_ℓ, r_h; . . . , r_f , . . .} it is understood that W_{cr}(r) is of the form (1.3) with M_{cr}(r) the appropriate odd function of r specified in eq. (2.4) or eq. (2.5). We will thus label expectation values by the relevant Wilson parameters {r_ℓ, r_h; . . . , r_f , . . .} and quark masses {m_ℓ, ϵ_ℓ, m_h, ϵ_h; . . . , m_f , . . .}, for which we introduce the compact notation

M ≡ {m_f , all f^′s; m_p , ϵ_p , p = ℓ, h} , R ≡ {r_f , all f^′s; r_p , p = ℓ, h} . (2.12)

2.2 Sea quark determinant Integration over sea quark fields gives rise to the product of determinants D = ∏ p=ℓ,h D_p , (2.13)

D_p = Det [ γ · ~∇ − iγ_5τ_1W_{cr}(r_p) + m_p − ϵ_pτ_3 ] . (2.14)

– 7 –

As proved in [4], each factor in D is even in m_p and ϵ_p. From this result one can show that D_p is also even in r_p. To prove this property we follow again the strategy developed in ref. [2]. By performing in the functional integral that defines D_p the change of variables (2.11), we get the identity Det [ γ · ~∇ − iγ_5τ_1W_{cr}(r_p) + m_p − ϵ_pτ_3 ] = Det [ γ · ~∇ + iγ_5τ_1W_{cr}(r_p) − m_p + ϵ_pτ_3 ] . (2.15)

Since D_p is even in m_p and ϵ_p, while W_{cr}(r_p) is odd in r_p, we get the thesis. It then follows that all the correlators with insertion of operators made out of only valence quark and gluon fields, and thus all the quantities derived from them, are even in r_p, m_p and ϵ_p, p = ℓ, h. In particular such parity properties imply that f_{cr}(r_1; r_2, r_3) is an even function of its last two arguments (r_{2,3} = r_p, p = ℓ, h).

2.3 Renormalization constants and O(a) improvement

The symmetries of the action (2.1) relevant for analyzing the R-dependence of renormalization constants and leading cut-off effects are

• the spurionic R^{sp}_{5f} transformation acting on each flavour f separately

R^{sp}_{5f} ≡ R_{5f} × (r_f → −r_f ) × (m_f → −m_f ) , (2.16)

with R_{5f} given by eq. (2.10);

• the spurionic R^{sp}_{5p} transformation acting on the p = ℓ and p = h sea quarks separately,

R^{sp}_{5p} ≡ R_{5p} × (r_p → −r_p) × (m_p → −m_p) × (ϵ_p → −ϵ_p) , (2.17)

with R_{5p} given by eq. (2.11);

• the overall transformation acting on all types of fields D_d × ∏ f R_{5f} × ∏ p=l,h R_{5p} (2.18)

with

D_d : U_μ(x) → U^†_μ(−x − aμ̂) ψ_p(x) → e^{3iπ/2}ψ_p(−x) , ψ̄_p(x) → e^{3iπ/2}ψ̄_p(−x) , p = ℓ, h q_f (x) → e^{3iπ/2}q_f (−x) , q̄_f (x) → e^{3iπ/2}q̄_f (−x) , all f^′s ϕ_f (x) → e^{3iπ/2}ϕ_f (−x) , all f^′s .

(2.19)

We also note the existence of the spurionic symmetry obtained as the product of all invariances of the type (2.16) and (2.17), namely R^L × (M → −M) ≡ ∏ f R_{5f} × ∏ p=ℓ,h R_{5p} × (R → −R) × (M → −M) . (2.20)

– 8 –

Since the formal continuum action we are aiming at, of which (2.1) is the regularized version, will have to be invariant under the (discrete, non-anomalous) spurionic transformation

R^{cont} × (M → −M) ≡ ∏ f R_{5f} × ∏ p=l,h R_{5p} × (M → −M) , (2.21)

it follows that in any renormalization scheme, besides Z_g, the renormalization constants Z_P , Z_S and Z_m, appearing in eqs. (2.6) and (2.7), and those of all the local operators whose bare expression has definite transformation properties under R^L, will be even functions of R. This is, in fact, necessary for the renormalized operators to behave under the latter transformation as the corresponding bare ones. Furthermore, recalling that the fermionic determinant D_p (eq. (2.14)) is even in r_p, one concludes that all the above renormalization constants will be separately even in (or trivially independent of) r_p, p = ℓ, h and r_f , all f’s.

2.3.1 O(a) improvement via Wilson averaging By a direct generalization of the argument given in ref. [2], the above symmetries and remarks imply that W A’s of expectation values of multiplicatively renormalizable (m.r.), multi-local, gauge invariant operators (with no ghost fields), O(x_1, x_2, . . . , x_n), are O(a) improved, i.e. ⟨O(x_1, . . . , x_n)⟩ | |^{W A} (M) ≡ 1 2 [ ⟨O(x_1, . . . , x_n)⟩ | | (R,M) + ⟨O(x_1, . . . , x_n)⟩ | | (−R,M) ]

= ζ^O_O (R)⟨O(x_1, . . . , x_n)⟩ | |^{cont} (M) + O(a^2) , (2.22)

where it is understood that the space-time arguments x_1, . . . x_n are at non-zero relative distance in physical units. The multiplicative factor ζ^O_O (R) is a coefficient (even under R → −R) whose presence is necessary to match the lattice to the corresponding continuum expectation value.

Analogous results can be derived from eq. (2.22) for energies and operator matrix elements, namely

E_{h,n}(k; R, M) + E_{h,n}(k; −R, M) = 2E^{cont}_{h,n} (k, M) + O(a^2) , (2.23) ⟨h, n, k|O|h^′, n^′, k^′⟩|_{(R,M)}+ +⟨h, n, k|O|h^′, n^′, k^′⟩|_{(−R,M)} = 2ζ^O_O (R)⟨h, n, k|O|h^′, n^′, k^′⟩ | |^{cont} (M) + O(a^2) , (2.24)

where E_{h,n}(k; R, M) is the energy of |h, n, k⟩|_{(R,M)}, the n-th eigenstate of the lattice quantum hamiltonian (which we assume to exist) with three-momentum k and unbroken quantum numbers h, while O denotes an arbitrary m.r. and gauge invariant local operator.

2.3.2 O(a) improved results from a single simulation The action (2.1) admits the further spurionic symmetry P × (R → −R) , (2.25)

– 9 – where P is the parity operation. The latter, with the definition x_P = (−x, t), has in the present context the form

P : U_0(x) → U_0(x_P ) , U_k(x) → U^†_k (x_P − ak̂) , k = 1, 2, 3 ψ_p(x) → γ_0ψ_p(x_P ) , ψ̄_p(x) → ψ̄_p(x_P )γ_0 , p = ℓ, h q_f (x) → γ_0q_f (x_P ) , q̄_f (x) → q̄_f (x_P )γ_0 , all f^′s ϕ_f (x) → γ_0ϕ_f (x_P ) , all f^′s .

(2.26)

The spurionic symmetry (2.25) is particularly important, as its existence entails the possibility of associating a definite parity label to m.r. local operators and to eigenstates of the lattice hamiltonian.^5 By arguments similar to those given in ref. [2] one can prove the validity of the symmetry relations E_{h,n}(k; −R, M) = E_{h,n}(−k; R, M) , (2.27) ⟨h, n, k|O|h^′, n^′, k^′⟩ | | |_{(−R,M)} = ηhnηOηh′n′ ⟨h, n, −k|O|h^′, n^′, −k^′⟩ | | |_{(R,M)} , (2.28)

where η_O, η_{hn} and η_h′_n′ denote the parity labels of the m.r. operator O and the external states, respectively. Inserting eqs. (2.27) and (2.28) in (2.23) and (2.24), one ends up with the formulae

E_{h,n}(k; R, M) + E_{h,n}(−k; R, M) = 2E^{cont}_{h,n} (k, M) + O(a^2) , (2.29) ⟨h, n, k|O|h^′, n^′, k^′⟩|_{(R,M)} + +η_{hn}η_Oη_h′_n′ ⟨h, n, −k|O|h^′, n^′, −k^′⟩|_{(R,M)} = 2ζ^O_O (R)⟨h, n, k|O|h^′, n^′, k^′⟩ | | |^{cont}_{(M)} + O(a^2), (2.30)

which show that the W A’s (2.23) and (2.24) can be evaluated in terms of correlators and derived quantities obtained from a single simulation with Wilson parameters R.

2.4 Some conclusive observations

It is worth observing that in the lattice model (2.1) the fermionic determinant (2.13) introduces neither lattice artifacts linear in a nor parity breaking effects. This can be seen by considering expectation values of pure gauge (multi-local, gauge invariant) operators, O_{pg}. Such expectation values depend on the sea quark Wilson parameters, r_ℓ and r_h, and are even functions of them, because D = D_ℓ D_h is even, but are obviously independent of the valence quark Wilson parameters. We thus have ⟨O_{pg}(x_1, . . . , x_n)⟩ | | |_{(R,M)} = ⟨Opg(x1, . . . , xn)⟩ | | |_{(−R,M)} , (2.31)

from which, comparing with the W A formula (2.22) written for O → O_{pg}, we conclude that the expectation values of pure gauge operators trivially coincide with their Wilson average

5The assignment of a parity label to eigenstates of the hamiltonian can be done in close analogy with the procedure outlined in sections 5.2 and 5.3 of ref. [2], where the case of twisted mass QCD with one pair of mass degenerate quarks was discussed.

– 10 – and, hence, are automatically free of O(a) cut-off effects. Moreover, if the operator O_{pg} has a definite parity, η_{Opg} = ±1, i.e. it satisfies the equation ⟨O_{pg}(x_1, . . . , x_n)⟩ | |_{(R,M)} = ηO_{pg} ⟨Opg(x1P , . . . , xnP )⟩ | |_{(−R,M)} , (2.32)

then for its expectation value, owing to eq. (2.31), one gets ⟨O_{pg}(x_1, . . . , x_n)⟩ | | (R,M) = η_{Opg} ⟨O_{pg}(x_{1P} , . . . , x_{nP} )⟩ | | (R,M) , (2.33)

which is precisely what one would expect in a parity-invariant theory. In other words, all parity breaking effects in correlators with insertions of valence quark operators (and not containing sea quarks or ghosts) come from the breaking of parity induced by the valence OS quarks themselves, and reduce to O(a^2) in Wilson averaged quantities.

The basic reason behind the validity of these properties is that, as a functional of the set of link variables, {U}, the (maximally twisted) fermion determinant, D = D[{U}], is invariant under the replacement {U} → {U_P }, where {U_P } is the parity transformed set of link variables. This result can be proved by performing in the functional integral that defines the determinant, D, the change of sea quark integration variables induced by the transformation in the second line of eq. (2.26) and recalling that D is even in r_p, p = ℓ, h.

All these observations may be of some importance in practice, because they suggest the interesting possibility of employing GW-type fermions to regularize valence quarks and maximally twisted Wilson fermions to describe sea quarks.^6 In this hybrid framework, whose computational cost does not look prohibitively large on the scale of today’s available computer resources, O(a) improvement is automatic. Furthermore, the nice chiral properties of GW fermions are sufficient to ensure absence of all wrong chirality mixings in correlators with insertions of only valence quark and gluon fields.

This last statement might not be obvious. Actually in the next three sections we will show that this remarkable result can be achieved even if valence quarks are regularized à la OS, provided some clever adjustment of the lattice regularization of (four-flavour) QCD and of its computational scheme is made.

3. The B_K parameter

The popular way to discuss the issue of CP violation in the Standard Model is through the study of the compatibility of experimental data with the constraints imposed by the unitarity of the CKM matrix (unitarity triangle) involving the third generation of quark flavours.^7 One of the key quantity entering this analysis is ϵ_K , which represents the amount of indirect CP-violation in K → ππ decay. Exploiting its precise experimental value to constrain the non-trivial vertex of the unitarity triangle requires the knowledge of the parameter B_K .

6A very similar proposal, with ordinary (rather than maximally twisted) Wilson fermions playing the role of sea quarks, has been made in ref. [7].

7Good reviews on the subject can be found in ref. [15]. For recent summaries of lattice results see the papers quoted in ref. [16].

– 11 –

In the formal continuum euclidean QCD with four quark flavours (u, d, s and c), renormalized at the scale μ, the kaon B-parameter, B_K (μ), is defined by the formula

⟨K̄^0|Ô^{ΔS=2}_{V V +AA}(μ)|K^0⟩ = 16 3 M^2_K F^2_K B_K (μ) . (3.1)

B_K can be extracted from the correlator (x_0 >0, y_0 <0)

C^{(qcd4)}

KOK (x, y) = ⟨(d̄γ_5s)(x) ^O^{ΔS=2}_{V V +AA}(0)(d̄γ_5s)(y)⟩ , (3.2)

where the bare expression of the renormalized operator ^O^{ΔS=2}_{V V +AA} is

O^{ΔS=2} V V +AA = (s̄γμd)(s̄γμd) + (s̄γμγ5d)(s̄γμγ5d) (3.3) and the superscript (qcd4) denotes QCD with four quark species.

We want to show that it is possible to set up a lattice regularization based on (twisted) Wilson fermions, where B_K can be computed in terms of a four-quark operator which does not mix with any other operator of the theory.

In order to explain our strategy it is convenient to first consider at a formal level an auxiliary gauge model where, besides the four lightest sea quark flavours (u_{sea}, d_{sea}, s_{sea} and c_{sea}), each of the d and s valence quark species is duplicated. The valence quarks u, d, d^′, s, s^′ and c are introduced together with the corresponding ghosts, required to cancel the associated valence determinant. We will denote the correlators of this model by the superscript (4s6v). It is not difficult to convince oneself that in this model the correlator C^{(4s6v)} K^′QK (x, y) = ⟨(d̄ ′γ_5s^′)(x) 2Q^{ΔS=2}_{V V +AA}(0)(d̄γ_5s)(y)⟩ , (3.4)

where^8

Q^{ΔS=2} V V +AA = (s̄γμd)(s̄ ′γ_μd^′) + (s̄γ_μγ_5d)(s̄^′γ_μγ_5d^′) + +(s̄γ_μd^′)(s̄^′γ_μd) + (s̄γ_μγ_5d^′)(s̄^′γ_μγ_5d) , (3.5)

contains the same physical information as the “target” correlator C^{(qcd4)}_{KOK} (x, y) in fourflavour QCD.

To see this we simply have to imagine to have regularized the two models in the same way, for instance, by using GW fermions for all quark fields. If the bare masses of the quarks of the same flavour are given the same value, i.e. if one sets

m^{(qcd4)} u = m^{(4s6v)}_u = m^{(4s6v)}_{usea} , m^{(qcd4)}_d = m^{(4s6v)}_d = m^{(4s6v)}_{d′} = m^{(4s6v)}_{dsea} , m^{(qcd4)} c = m^{(4s6v)}_c = m^{(4s6v)}_{csea} , m^{(qcd4)}_s = m^{(4s6v)}_s = m^{(4s6v)}_{s′} = m^{(4s6v)}_{ssea} , (3.6)

then by an elementary application of the Wick theorem one checks that the equality C^{(4s6v)} K^′QK (x, y) = C (qcd4) KOK (x, y) (3.7) holds (sea quark loops trivially contribute the same to the two sides of the relation) for any value of the lattice spacing. This result implies that the two operators, O^{ΔS=2}_{V V +AA}

8What we really mean with the superscript ΔS = 2 in Q^{ΔS=2}_{V V +AA} is Δs + Δs^′ = 2.

– 12 – in the (qcd4) model and Q^{ΔS=2}_{V V +AA} in the (4s6v) model, can be taken to have the same renormalization constants. The same is also true for the renormalization constants of the operator d̄γ_5s in the (qcd4) model and the operators d̄γ_5s and d̄^′γ_5s^′ in the (4s6v) model. Moreover, it is obvious that the renormalized masses of the quarks of the same flavour are (can be chosen to be) equal in the two models. With this natural choice of renormalization conditions, the relation (3.7) holds for the corresponding renormalized correlators and carries over to the continuum limit.

The strategy we propose for the evaluation of B_K is based on eq. (3.7) and consists in considering the correlator C^{(4s6v)}_{K′QK} (x, y) in the UV regularization provided by the maximally twisted action (2.1). The reason for selecting this UV regularization is that, with a careful choice of the Wilson parameters of valence quarks, Q^{ΔS=2}_{V V +AA} will not mix with any other operator of the theory.

3.1 A convenient lattice discretization of C_K′_{QK}

In view of the previous remarks, we are led to consider the lattice regularized gauge model (2.1) with valence quarks q_u ≡ u, q_d ≡ d, q_d′ ≡ d^′, q_s ≡ s, q_s′ ≡ s^′ and q_c = c, each having an action of the form (1.1) (accompanied by the corresponding ghosts, ϕ_u, ϕ_d, ϕ_d′ , ϕ_s, ϕ_s′ , ϕ_c) plus two sea quark doublets, ψ_ℓ ≡ (u_{sea}, d_{sea}) and ψ_h ≡ (s_{sea}, c_{sea}). The details of the lattice formulation of this theory are as explained in general in section 2. We will refer to this regularized theory as the (4s6v)^L_{tm} model.

For reasons that will become soon clear we take the Wilson parameters of the valence down and strange fields to be related in the following way^9

r_d = r_s = r_d′ = −r_s′ . (3.8)

Obviously, in order to obtain from the (4s6v)^L_{tm} model correlators that in the continuum limit are equal to those of four-flavour euclidean QCD, we must require the renormalized masses of the (sea and valence) quarks of the same flavour to take identical values, i.e.^{10}

m̂^−_ℓ = m̂_u , m̂^+_ℓ = m̂_d = m̂_d′ , m̂^−_h = m̂_s = m̂_s′ , m̂^+_h = m̂_c , (3.9)

and be equal to those of the target theory, (qcd4). In terms of bare masses, while the conditions m̂_d = m̂_d′ and m̂_s = m̂_s′ are satisfied (owing to eqs. (2.7) and (3.8) and the fact that Z_m(r_f ) is even in r_f ) by simply setting

m_d′ = m_d , m_s′ = m_s , (3.10)

the remaining four conditions in eq. (3.9) imply a non-trivial one-to-one correspondence between m_u, m_d, m_s, m_c and the sea quark bare mass parameters m_ℓ, ϵ_ℓ, m_h, ϵ_h, as dictated by eqs. (2.6)–(2.7).

9Other equivalent choices, like r_d = rs = −r_d′ = r_s′ are possible. All the arguments we give in this section can be immediately adapted to these other cases.

10Our notation is such that e.g. m^+_ℓ = m_{dsea} and m^−_h = ms_{sea} .

– 13 –

We now prove that in the lattice model (4s6v)^L_{tm}, with the set of quark masses, M, satisfying the conditions (3.9), the (bare) B_K parameter can be extracted from the correlator

a^6 ∑ x,y C^{(4s6v)Ltm} K^′QK (x, y) = a 6 ∑ x,y ⟨(d̄^′γ_5s^′)(x) 2Q^{ΔS=2}_{V V +AA}(0)(d̄γ_5s)(y)⟩ | | (R,M) , (3.11)

with the operator Q^{ΔS=2}_{V V +AA} given in eq. (3.5) and the (m.r.) pseudo-scalar (d̄^′γ_5s^′) and (d̄γ_5s) densities^{11} playing the role of interpolating fields for the K^0 and K̄^0 states. The proof is divided in two parts. We first show how B_K is related to the large time behaviour of the correlator (3.11) and in the next section we prove that the operator (3.5) does not mix with any other operator with the same unbroken quantum numbers. A similar result was already derived within the standard tm-LQCD approach of ref. [1] and exploited in ref. [17] in actual simulations. In the present scheme one gets two extra bonuses: an automatically O(a) improved determination of B_K (as it follows from the arguments we give at the end of this section) and a positive definite fermion determinant even in the mass non-degenerate case [4].

On a lattice with very large temporal extension the leading contribution to the spectral representation of the correlator (3.11) in the (4s6v)^L_{tm} theory is given by e^{−MK′ |x0|−MK |y0|} 4M_K′ M_K ⟨Ω|d̄^′γ_5s^′|K̄^{′0}⟩⟨K̄^{′0}|2Q^{ΔS=2}_{V V +AA}|K^0⟩⟨K^0|d̄γ_5s|Ω⟩ | | (R,M) , (3.12)

where K^0 (K̄^{′0}) is the neutral kaon (anti-kaon) state created from the vacuum Ω by the operator −d̄γ_5s (s̄^′γ_5d^′) and M_K (M_K′ ) the corresponding meson mass. We remark that with the choice (3.8) of the (valence) Wilson parameters, the lattice kaon mass, M_K , and kaon decay constant, F_K , defined in terms of the valence quark fields d and s may differ by O(a^2) effects from their counterparts, M_K′ and F_K′ , analogously defined in terms of the twin valence quarks d^′ and s^′. Keeping track of this difference, we write the relation which defines the bare B_K parameter in the form

⟨K̄^{′0}| 2Q^{ΔS=2}_{V V +AA}|K^0⟩ = 16 3 M_K′ F_K′ M_K F_K B^{bare}_K . (3.13)

The values of M_K , F_K , M_K′ and F_K′ can be obtained in the usual way from the study of the two-point correlation functions

a^3 ∑ x ⟨(s̄γ_5d)(0)(d̄γ_0γ_5s)(x)⟩ , a^3 ∑ x ⟨(s̄^′γ_5d^′)(0)(d̄^′γ_0γ_5s^′)(x)⟩ . (3.14)

The renormalized B_K parameter is finally given by

B_K (μ) = Z_QΔS=2_{V V +AA} (aμ)B^{bare}_K , (3.15)

with Z_QΔS=2_{V V +AA} the renormalization constant of Q^{ΔS=2}_{V V +AA}.

11Mixing of (d̄^′γ5s^′) with (d̄^′s^′) and of (d̄γ5s) with (d̄s) is ruled out by the invariance of the lattice model under P5 × (M → −M), where P5 is defined in eq. (A.9). More precisely these are O(a) effects that appear with coefficients proportional to a(ms + m_d) or a(ms − m_d).

– 14 –

The correlation function (3.11) can be O(a) improved via W A, according to the prescription (2.22), and the same holds for all masses and matrix elements that occur in its spectral representation. However, this is not necessary. In fact, thanks to the spurionic symmetry (2.25), M_K , M_K′ , F_K and F_K′ (see eqs. (2.29) and (2.30)), as well as all the quantities that can be extracted from the correlator (3.11), are automatically free of O(a) cut-off effects. This property follows from the fact that (3.11) is the expectation value of a m.r. operator with the insertion of two other operators taken at vanishing spatial threemomentum. Consequently, B^{bare}_K as defined above can be extracted from automatically O(a) improved data. The same is true for the renormalization constant of the operator Q^{ΔS=2}

V V +AA (see section 3.3 of ref. [2] and section 2.3.2 of this paper).

3.2 Proof of the absence of mixing in Q^{ΔS=2}_{V V +AA}

Absence of wrong chirality and parity mixing in the (renormalizable expression of the) operator Q^{ΔS=2}_{V V +AA} is proved relying on the symmetries of the lattice model (2.1) supplemented by the specifications given in section 3.1. In particular the conditions (3.8) and (3.10) are assumed to be fulfilled.

It is almost obvious that the operator Q^{ΔS=2}_{V V +AA} can not mix with operators of dimension less than six, because of its flavour structure and the fact that the valence sector of the action (2.1) is diagonal in flavour. In particular, the valence flavour quantum numbers d, d^′, s and s^′ are all conserved, as it formally follows from the invariance of the action under the four U(1)’s vector transformations, I_f , f = d, d^′, s, s^′, of eq. (2.9). We conclude that Q^{ΔS=2}

V V +AA can only mix with four fermion operators with Δs = Δs

′ = 1 and Δd = Δd^′ = −1.

In order to rule out mixing with other six-dimensional operators satisfying the above selection rules, one must use the following extra symmetries enjoyed by the model action we are considering, i.e.

1. Ex(d, d^′) × (m_d ↔ m_d′ ),

2. Ex_5(s, s^′) × (m_s ↔ −m_s′ ),

3. C × [Ex(d, s) × (m_d ↔ m_s)] × [Ex_5(d^′, s^′) × (m_d′ ↔ −m_s′ )],

4. P_5 × (M → −M),

where C and P_5 are defined in eqs. (A.1) and (A.9) of appendix A, respectively, and

Ex(f_1, f_2) : q_{f1} ↔ q_{f2} q̄_{f1} ↔ q̄_{f2} ϕ_{f1} ↔ ϕ_{f2} , (3.16)

Ex_5(f_1, f_2) : { q_{f1} → γ_5q_{f2} q̄_{f1} → −q̄_{f2} γ_5 ϕ_{f2} → γ_5ϕ_{f1} q_{f2} → γ_5q_{f1} q̄_{f2} → −q̄_{f1} γ_5 ϕ_{f1} → γ_5ϕ_{f2}

(3.17)

The transformation Ex(f_1, f_2) simply represents the exchange of valence flavours f_1 and f_2 with its action appropriately extended to ghost fields. The transformation Ex_5(f_1, f_2) is nothing but the product

Ex_5(f_1, f_2) = Ex(f_1, f_2) × R_{5f1} × R_{5f2} . (3.18)

– 15 –

Notice that, if r_{f1} = r_{f2} , Ex(f_1, f_2) is a symmetry of the action (2.1) when combined with (m_{f1} → m_{f2} ). If instead r_{f1} = −r_{f2} , the action is invariant under Ex_5(f_1, f_2) × (m_{f1} ↔ −m_{f2} ).

Symmetry 1 rules out the dimension six operators that, besides obeying the selection rules Δs = Δs^′ = −Δd = −Δd^′ = 1, are not even under Ex(d,d^′). A basis of operators with the desired unbroken quantum numbers is provided by Q^{ΔS=2}_{V V +AA} itself and the operators [18, 19] that, with obvious notations, we list below

Q^{ΔS=2} V V −AA , Q ΔS=2 SS±P P , Q ΔS=2 T T , Q^{ΔS=2} V A±AV , Q ΔS=2 SP ±P S , Q ΔS=2 T ~T . (3.19)

For instance, we have (σ_{μν} ≡ i[γ_μ, γ_ν ]/2)

Q^{ΔS=2} V A±AV = (s̄γμd)(s̄ ′γ_μγ_5d^′) ± (s̄γ_μγ_5d)(s̄^′γ_μd^′) + +(s̄γ_μd^′)(s̄^′γ_μγ_5d) ± (s̄γ_μγ_5d^′)(s̄^′γ_μd) , (3.20) Q^{ΔS=2} T ~T = ϵμνλρ [ (s̄σ_{μν} d)(s̄^′σ_{λρ}d^′) + (s̄σ_{μν} d^′)(s̄^′σ_{λρ}d) ] . (3.21)

None of the (dimension six) operators in (3.19) can mix with Q^{ΔS=2}_{V V +AA} thanks to the other three (spurionic) symmetries introduced above. In fact

• symmetry 2 rules out Q^{ΔS=2}_{V V −AA} and Q^{ΔS=2}_{SS−P P} (the latter are odd, while Q^{ΔS=2}_{V V +AA} is even);

• symmetry 3 rules out Q^{ΔS=2}_{T T} and Q^{ΔS=2}_{SS+P P} (the latter are odd, while Q^{ΔS=2}_{V V +AA} is even);

• symmetry 4 rules out Q^{ΔS=2}_{V A±AV} , Q^{ΔS=2}_{SP ±P S} and Q^{ΔS=2}_{T ~T} (the latter are odd, while Q^{ΔS=2}

V V +AA is even).

The symmetries we have employed to exclude mixing of Q^{ΔS=2}_{V V +AA} with the operators (3.19) can be viewed as the analog of the usual (spurionic) CPS symmetry [19] translated in the present chirally twisted lattice framework. Indeed, if valence quark (and ghost) fields are rotated to the basis where the (subtracted) Wilson term appears in the standard (untwisted) form, while the mass term is chirally twisted, the spurionic symmetry obtained by combining the transformations 3 and 4 above turns out to correspond to the CPS invariance of the standard Wilson theory.

We conclude this section by observing that the whole argument about the absence of mixing in the operator entering the matrix element from which B_K is extracted could be repeated by duplicating only the valence strange quark, and not the down quark. If one does so, one also has to change the form of the operator in eq. (3.5) with the substitution

Q^{ΔS=2} V V +AA → (s̄γμd)(s̄ ′γ_μd) + (s̄γ_μγ_5d)(s̄^′γ_μγ_5d) (3.22)

and accordingly modify the expression of the interpolating field of K^′_0 from d̄^′γ_5s^′ to d̄γ_5s^′. The reason why this is possible lies in the observation that, given eqs. (3.8) and (3.10),

– 16 – the flavour d^′ is actually indistinguishable from d.^{12} In section 3.2 we have presented the line of arguments leading to absence of mixing in the apparently more complicated setting where also the down quark is replicated, because it turns out that in this way the proof goes through in a somewhat simpler fashion.

4. The ΔI = 1/2 rule from K → ππ amplitudes

A long standing puzzle in low energy particle physics, often referred to as “octet enhancement” or the ΔI = 1/2 rule [20], is represented by the surprisingly large experimental value of the ratio R(K → ππ) = Γ(K → ππ)|_{ΔI=1/2} Γ(K → ππ)|_{ΔI=3/2} ∼ 400 . (4.1)

Although the rate of the ΔI = 3/2 K → ππ weak decays can be reasonably well computed within our present understanding of field theory (based on O.P.E. and renormalization group arguments), theoretical estimates of the ΔI = 1/2 amplitude seem to give a much too small value compared to the experimental number [21].

Due to the amount of seemingly well founded theoretical ideas involved in this calculation, it is a crucial question to understand whether this discrepancy is due to our ignorance of non-perturbative QCD effects in the hadronic matrix elements of the composite quark operators appearing in the effective weak hamiltonian, or whether this problem should be rather taken as an indication of the existence of some kind of new physics waiting to be uncovered in kaon phenomenology. Lattice gauge theory represents the ideal framework in which this question should find an answer. There are, however, severe technical and conceptual difficulties in the process of establishing the proper strategy to accomplish this task.

First of all, when working with euclidean metric, as one always does in lattice simulations, the procedure necessary to extract the kaon decay amplitudes of physical interest is complicated by IR subtleties arising from final (two-pion) state interactions [22]. To attack this problem new interesting ideas have been recently put forward [23, 24]. Here we will not be concerned with such delicate issues.

The main objective of this paper is rather to deal with the UV difficulties related to the construction of the renormalized effective weak hamiltonian operator on the lattice. We will show that tm-LQCD at maximal twist offers a computational scheme in which the problem of wrong chirality mixing, which afflicts the approach based on standard Wilson fermions [3, 25],^{13} is completely absent. An important step in this direction is represented by the recent paper of ref. [13], where the problem of mixing has been brought to an amenable solution. Here we prove that the calculation can be carried out in a fully O(a) improved way without the need of introducing the Sheikholeslami-Wohlert [28] term in the lattice action, or improving the lattice operators [29, 30] representing the CP-conserving effective weak hamiltonian, while still having a positive definite determinant even for nondegenerate quarks.

12We thank D. Bećirević for drawing our attention on this point.

13See, however, ref. [26] for some way-outs if the Wilson theory is fully O(a) improved à la Symanzik [27, 28, 29, 30].

– 17 –

4.1 Kaon decay amplitudes

In the Standard Model the decay of the K meson into pion states is described to leading order in the Fermi constant, G_F, by the CP-conserving, ΔS = 1 effective weak hamiltonian, which (in the chiral limit) reads [20]

H^{ΔS=1} eff = V_{ud}V^∗_{us} G_F √ 2 [ C_+ ( μ M_W ) ^O^+(μ) + C_− ( μ M_W ) ^O^−(μ) ] , (4.2)

where V_{ud}V^∗_{us} is the product of the appropriate matrix elements of the CKM matrix.^{14} The effective operator H^{ΔS=1}_{eff} is obtained after having integrated out all degrees of freedom above some energy scale, Λ, with Λ larger than the charm threshold, but still well below the W-boson mass, M_W Consistently, the operators ^O^± in eq. (4.2) are renormalized at the scale μ with m_c ≪ μ ≪ M_W, and the Wilson coefficients C_±(μ/M_W) carry the information about the physics between μ and M_W. The expression of the bare operators corresponding to ^O^± is O^± = 1 2 [ (s̄γ^L_μ u)(ūγ^L_μ d) ± (s̄γ^L_μ d)(ūγ^L_μ u) ] − 1 2 [ u ↔ c ] (4.3)

with γ^L_μ = γ_μ(1 − γ_5).

For the purpose of making contact with experimental data it is enough to consider the decay of the neutral kaon, K^0, into either π^+π^− or π^0π^0 states [19, 31, 32, 13]. Owing to the parity invariance of the formal continuum QCD, the relevant amplitudes A_K0_{→π}+_π− = V_{ud}V^∗_{us} G_F √ 2 ∑ j=+,− C_j ( μ M_W ) ⟨π^+π^−| ^O^j_{V A+AV} (μ)|K^0⟩ , (4.4)

A_K0_{→π}0_π0 = V_{ud}V^∗_{us}

G_F √ 2 ∑ j=+,− C_j ( μ M_W ) ⟨π^0 π^0| ^O^j_{V A+AV} (μ)|K^0⟩ , (4.5)

can be written in terms of matrix elements of renormalized parity odd operators, ^O^±_{V A+AV} (μ), with the corresponding bare operators given by O^±_{V A+AV} = 1 2 [ (s̄γ_μu)(ūγ_μγ_5d) ± (s̄γ_μd)(ūγ_μγ_5u) ] − 1 2 [ u ↔ c ] + + 1 2 [ (s̄γ_μγ_5u)(ūγ_μd) ± (s̄γ_μγ_5d)(ūγ_μu) ] − 1 2 [ u ↔ c ] . (4.6)

4.2 Correlation functions and valence quarks

Information about the four matrix elements appearing in eqs. (4.4) and (4.5) can be extracted from suitable spatial Fourier transforms^{15} of the correlators (x_0 > 0, z_0 > 0 and y_0 < 0)

C^{(qcd4)}

±,K^0π^+π^− (x, z, y) = ⟨Φπ^+ (x)Φπ^− (z)O ± V A+AV (0)Φ † K^0 (y)⟩conn , (4.7)

C^{(qcd4)}

±,K^0π^0π^0 (x, z, y) = ⟨Φπ^0 (x)Φπ^0 (z)O ± V A+AV (0)Φ † K^0 (y)⟩conn , (4.8)

14As usual, the top quark contribution, which is down by a factor O(V_{td}V^⋆_{ts}/V_{ud}V^⋆_{us} ≃ 10^{−3}), is neglected. 15To get the kaon and the two-pion states at zero (total) three-momentum one has to sum the correlators (4.7)–(4.8) over y and (x + z)/2. In this way the two-pion states can be labeled by the relative three-momentum of the two pions.

– 18 – where with the notation ⟨O⟩_{conn} we denote the connected part of the vacuum expectation value of the multi-local operator O. As before, the superscript (qcd4) is to remind us that correlators are understood to be evaluated in the formal continuum QCD with four quark flavours (u, d, s and c). Φ_K0 , Φ_π+ , Φ_π− and Φ_π0 are the interpolating operators for kaon and pion states, respectively.

Our approach here is very similar in spirit to that we have proposed in section 3 for the evaluation of B_K . In order to explain the idea it is convenient to first consider at a formal level a gauge model with, as usual, four sea quark flavours (u_{sea}, d_{sea}, s_{sea} and c_{sea}), plus several (actually ten) valence quark species. For reasons that will become clear in the following, each of the up and charm valence quark species will have to be replicated four times. The pattern of valence quarks we wish to consider is then [u, u^′, u^{′′}, u^{′′′}, d, s, c, c^′, c^{′′}, c^{′′′}]. Each quark species is introduced together with the ghost necessary to cancel the loop contribution coming from the corresponding fermionic functional integration. We will denote the correlators of this model by the superscript (4s10v). We now consider the (connected) correlators

C^{(4s10v)}

±,K^0π^+π^− (x, z, y) = ⟨Φπ^+ (x)Φπ^− (z)Q ± V A+AV (0)Φ † K^0 (y)⟩conn , (4.9)

C^{(4s10v)}

±,K^0π^0π^0 (x, z, y) = ⟨Φπ^0 (x)Φπ^0 (z)Q ± V A+AV (0)Φ † K^0 (y)⟩conn , (4.10)

where the meson interpolating operators Φ_K0 , Φ_π+ , Φ_π− and Φ_π0 are made out of the valence quarks u, d and s (but not u^′, u^{′′} or u^{′′′}). This fact will be crucial for the validity of the relations (4.14)–(4.15) below. The key point in eqs. (4.9)–(4.10) is the introduction of the auxiliary operators Q^±_{V A+AV} , defined by the formula

Q^±_{V A+AV} = Q^{± [0]}_{V A+AV} + Q^{± [1]}_{V A+AV} − 1 2 Q^{± [2]}_{V A+AV} − 1 2 Q^{± [3]}_{V A+AV} . (4.11)

where the operators Q^{± [k]}_{V A+AV} , k = 0, 1, 2, 3 are all of the form (4.6), but differ from each other by the type of u and c valence quark species they contain. Explicitly we have Q^{± [k]}_{V A+AV} = 1 2 [ (s̄γ_μu^{[k]})(ū^{[k]}γ_μγ_5d) ± (s̄γ_μd)(ū^{[k]}γ_μγ_5u^{[k]}) ] − 1 2 [ u^{[k]} ↔ c^{[k]} ] + + 1 2 [ (s̄γ_μγ_5u^{[k]})(ū^{[k]}γ_μd) ± (s̄γ_μγ_5d)(ū^{[k]}γ_μu^{[k]}) ] − 1 2 [ u^{[k]} ↔ c^{[k]} ] (4.12)

with u^{[0]} ≡ u , u^{[1]} ≡ u^′ , u^{[2]} ≡ u^{′′} , u^{[3]} ≡ u^{′′′} , c^{[0]} ≡ c , c^{[1]} ≡ c^′ , c^{[2]} ≡ c^{′′} , c^{[3]} ≡ c^{′′′} . (4.13)

As argued in the previous section, if the two models (4s10v) and (qcd4) are regularized in the same way (say, using GW fermions), a straightforward application of the Wick theorem leads to the equalities

C^{(4s10v)} ±,K^0π^+π^− (x, z, y) = C (qcd4) ±,K^0π^+π^− (x, z, y) , (4.14)

C^{(4s10v)}

±,K^0π^0π^0 (x, z, y) = C

(qcd4) ±,K^0π^0π^0 (x, z, y) , (4.15)

– 19 – valid at any finite value of the lattice spacing, provided bare (and thus also renormalized) masses of quarks having the same flavour are given the same value in the two theories. Eqs. (4.14)–(4.15) in particular imply that the renormalization constants of the operator Q^±_{V A+AV} in (4s10v) can be taken equal to that of the operator O^±_{V A+AV} in (qcd4). An analogous result is obtained also for the renormalization constants of the meson interpolating operators in the two models. Under these renormalization conditions, the equalities (4.14)– (4.15) hold for the corresponding renormalized correlators and carry over to the continuum limit.

We conclude this section by offering an intuitive explanation of why we have introduced four copies of the u and c valence quarks to get all the mixings canceled. The reason is the following. For the purpose of killing the operator mixing coming from “penguin-like diagrams” it would have been enough to add to the primary u and c quarks only one extra replica of each of them, u^′ and c^′, with r_u′ = −r_u and r_c′ = −r_c (see also section 4.5.1 below). The whole pattern is then duplicated in order to have on each gauge background the penguin-like and the non-penguin-like contractions with the correct relative multiplicity factor.

4.3 A convenient lattice discretization of the C^{(4s10v)}_{±,Kππ} correlators

In view of the previous considerations a convenient regularization of the (4s10v) model is obtained by taking the action (2.1) with valence quarks q_u ≡ u, q_u′ ≡ u^′, q_u′′ ≡ u^{′′}, q_u′′′ ≡ u^{′′′}, q_d ≡ d, q_s ≡ s, q_c ≡ c, q_c′ ≡ c^′, q_c′′ ≡ c^{′′} and q_c′′′ ≡ c^{′′′}, each having an action of the form (1.1) (accompanied by the corresponding ghosts, ϕ_u, ϕ_u′ , . . . , ϕ_d, ϕ_s, ϕ_c, ϕ_c′ , . . . ), plus, as always, the two usual sea quark doublets, ψ_ℓ ≡ (u_{sea}, d_{sea}) and ψ_h ≡ (s_{sea}, c_{sea}). For reasons which have to do with the need of making as simple as possible the renormalization pattern of the operators Q^±_{V A+AV} , we take the Wilson parameters of the valence fields related as follows

r_d = r_s , r_u = −r_u′ = r_u′′ = −r_u′′′ = r_c = −r_c′ = r_c′′ = −r_c′′′ . (4.16) For definiteness, we also fix the relation between the two sets of Wilson parameters in eq. (4.16) by setting r_u = r_d . (4.17)

The choice r_u = −r_d is also possible. We comment in appendix B on the implications of this (isospin breaking) choice.

The euclidean lattice theory we have just described (see also section 2) will be referred to in the following as the (4s10v)^L_{tm} model.

In order for the correlators of the (4s10v)^L_{tm} model (with no insertion of sea or ghost fields) to be equal to those of (qcd4), we must require the renormalized masses of sea and valence fields to be matched as follows

m̂^−_ℓ = m̂_u = m̂_u′ = m̂_u′′ = m̂_u′′′ , m̂^+_ℓ = m̂_d , (4.18) m̂^+_h = m̂_c = m̂_c′ = m̂_c′′ = m̂_c′′′ , m̂^−_h = m̂_s . (4.19)

– 20 –

Owing to eqs. (2.6)–(2.7) and the equality in absolute value of all the valence quark r parameters (eq. (4.16)), the formulae (4.18)–(4.19) fix the non-trivial relations between the bare mass parameters of sea and valence quarks and imply the bare masses of valence quarks of the same flavour to be equal, i.e. m_u′′′ = m_u′′ = m_u′ = m_u , m_c′′′ = m_c′′ = m_c′ = m_c . (4.20) As for the interpolating meson fields, one can use the standard pseudo-scalar quark bilinears (see, however, appendix B)

Φ^†_{K0} = −d̄γ_5s , Φ_π+ = −d̄γ_5u , Φ_π− = Φ^†_{π+} = ūγ_5d , (4.21)

Φ_π0 = −Φ^†_{π0} = 1 √ 2 [ ūγ_5u − d̄γ_5d ] . (4.22)

The fundamental reason for considering the (4s10v)^L_{tm} model with its somewhat weird valence quark content is that under the conditions (4.16) and (4.20) the ΔS = 1 operators Q^±_{V A+AV} of eq. (4.11) mix neither between themselves nor with any operator of wrong chirality or parity. This result will be proved in section 4.5 below by exploiting the symmetries of the (4s10v)^L_{tm} model. As for the mixing with the famous three-dimensional operator s̄γ_5d, we will show that, just like in the formal chirally invariant continuum theory, it enters with a factor (m^2_c − m^2_u)(m_s − m_d), leaving no room for any power divergent behaviour. Similarly, despite the breaking of parity at non-zero lattice spacing, no mixing with the scalar density operator s̄d occurs.

It should also be recalled that in evaluating zero momentum transfer matrix elements of ^Q^±_{V A+AV} (like K → ππ), the operator s̄γ_5d does not play any role, because PCAC allows to write s̄γ_5d = ∂_μ(s̄γ_μγ_5d)/(m_s + m_d) from which we see that, up to contact terms, s̄γ_5d can always be replaced by a total divergence.

At this point we can conclude that, after subtraction of the logarithmic divergent mixing of Q^±_{V A+AV} with (m^2_c − m^2_u)(m_s − m_d)s̄γ_5d (whenever needed), and multiplication by the appropriate renormalization constants, the correlators (4.9) and (4.10), evaluated in the (4s10v)^L_{tm} model, admit a well defined continuum limit. The limiting quantities, under the conditions (4.18)–(4.19), coincide with the (continuum limit of the) correlators (4.7)– (4.8) in the (qcd4) model, thanks to the equalities (4.14)–(4.15).

4.4 Some observations

A number of observations are in order at this point. First of all, we stress that, on the basis of the general arguments given in section 2, the correlators (4.9)–(4.10) can be O(a) improved via W A’s (see eq. (2.22)). Actually, owing to the symmetry under P ×(R → −R) enjoyed by the (4s10v)^L_{tm} model, the necessary W A’s of the matrix elements of interest can be constructed in terms of data obtained from a single simulation, as explained in section 2.3.2, by averaging — whenever necessary — matrix elements with opposite value of the relative three-momentum of the two pions.

Secondly, for completeness we recall that, in order to actually extract from simulation data the amplitudes A_K0_{→π}+_π− and A_K0_{→π}0_π0 , it is also necessary to evaluate some extra

– 21 – two- and four-point correlation functions, such as

⟨Φ_K0 (x)Φ^†_{K0} (x^′)⟩ , ⟨Φ_π+ (x)Φ^†_{π+} (x^′)⟩ , ⟨Φ_π0 (x)Φ_π0 (x^′)⟩_{conn} , ⟨Φ_π+ (x)Φ^†_{π+} (z)Φ_π+ (x^′)Φ^†_{π+} (z^′)⟩_{conn} , ⟨Φ_π0 (x)Φ_π0 (z)Φ_π0 (x^′)Φ_π0 (z^′)⟩_{conn} , (4.23)

where in the last two four-point correlators one should take x_0, z_0 > 0 and x^′_0, z^′_0 < 0. Suitable spatial Fourier transforms of these correlators provide the necessary extra information on the energies of the kaon, single pion and two-pion states, as well as on the ππ-phase shift [23, 24], which will in principle enable us to extract the physical decay amplitudes of interest. Finally, when not automatic, the correlators (4.23) can be O(a) improved by taking appropriate W A’s.

Once the bare amplitudes of interest have been evaluated with no O(a) cut-off effects, a non-perturbative lattice estimate of the renormalization constants, Z^±_{V A+AV} (aμ), is required. The latter can be obtained following the strategy outlined in section 3.3 of ref. [2]. One could e.g. consider a correlator where Q^±_{V A+AV} is inserted at zero three-momentum with some other local m.r. operator having appropriate quantum numbers so as not to get an identically vanishing two-point function (see also section 2.3.2).

In the same spirit of the observation made at the end of section 3.2, we note that one can eliminate the flavour species u^{′′′} and c^{′′′} from the game (as they are indistinguishable from u^′ and c^′, respectively) and change the form of the operator in eq. (4.11) with the substitution Q^±_{V A+AV} → Q^{± [0]}_{V A+AV} + 1 2 Q^{± [1]}_{V A+AV} − 1 2 Q^{± [2]}_{V A+AV} . (4.24)

Again, in this framework the proof of absence of mixing becomes somewhat more complicated than the one we give below.

4.5 The renormalization properties of Q^±_{V A+AV}

In this section we want to prove that the operators Q^±_{V A+AV} (eq. (4.11)) do not mix with any operator of lower or equal dimension, having either wrong chirality or opposite parity, precisely as in the formal continuum theory or within chirally invariant lattice regularizations (like those provided by fermions obeying the GW condition). This in practice means that no mixing with operators of the same or lower dimension is relevant for the computation of the K → ππ decay amplitudes. In the arguments of this section a crucial role is played by the conditions (4.16) and (4.20), which are always assumed as part of the specification of the lattice (4s10v)^L_{tm} model we consider. Thanks to eq. (4.16) and the condition |r_u| = |r_d|, the valence flavour symmetries of the action (2.1) rule out the mixing of Q^+_{V A+AV} and Q^−_{V A+AV} between themselves (see appendix C for details), as in the case of untwisted Wilson fermions. We can hence deal “in parallel” with Q^+_{V A+AV} and Q^−_{V A+AV} .

4.5.1 Operators of dimension lower than six

Gauge, H(4) and I_f (with f = s, d, see eq. (2.9)) invariances of the (4s10v)^L_{tm} lattice model restrict the possible operators of dimension less than six which Q^±_{V A+AV} can mix with to

– 22 – only the following ones s̄γ_5d , s̄d , s̄γ_5σ·F d , s̄σ·F d , (4.25) where σ·F = σ_{μν} F_{μν} [U] and F_{μν} [U] stands for any lattice discretization of the gluon field strength.

We wish to show now that, thanks to the (spurionic) symmetries enjoyed by the (4s10v)^L_{tm} lattice model, the above operators can only come into play multiplied by at least three powers of quark masses, according to the pattern given below

(m_c − m_u)(m_c + m_u)(m_s − m_d) s̄γ_5d , (4.26) (m_c − m_u)(m_c + m_u)(m_s − m_d)(m_s + m_d) s̄d , (4.27) (m_c − m_u)(m_c + m_u)(m_s − m_d) s̄γ_5σ·F d , (4.28) (m_c − m_u)(m_c + m_u)(m_s − m_d)(m_s + m_d) s̄σ·F d . (4.29)

As a result, for obvious dimensional reasons none of the above operators can appear multiplied by power divergent mixing coefficients. Only the operator (4.26) will enter with a logarithmically divergent coefficient. However, as we have already discussed in section 4.3, it gives vanishing contributions to the physical decay amplitudes. One might add that the mass factor in front of it vanishes anyway in the chiral limit or in the limit of exact SU_V (3).

Since the operators s̄γ_5d and s̄γ_5σ·F d (as well as s̄d and s̄σ·F d) have identical transformation properties under all the symmetries we will be using in the argument that follows, it is sufficient to restrict our attention to the operators (4.26) and (4.27). Consistently with this observation we notice that the overall quark mass factor in front of the operators (4.28) and (4.29) is the same as that appearing in front of the operators (4.26) and (4.27), respectively.

We give a proof of the structure of the mass dependence displayed in eqs. (4.26) and (4.27) in four steps.

1. The presence of the factor (m_c − m_u) follows from the spurionic invariance of the lattice action (2.1) of the (4s10v)^L_{tm} model under the transformation

Ex(u, c) × Ex(u^′, c^′) × Ex(u^{′′}, c^{′′}) × Ex(u^{′′′}, c^{′′′}) × (m_u ↔ m_c) , (4.30)

where Ex(f_1, f_2) is defined in eq. (3.16). Indeed, under (4.30) the operators Q^±_{V A+AV} are odd, while s̄γ_5d and s̄d are both even, as they are left untouched by the transformation.

2. The presence of the factor (m_s − m_d), is a consequence of the spurionic invariance of the action under the transformation

Ex(d, s) × C × (m_d ↔ m_s) , (4.31)

where C is the charge conjugation operation (eq. (A.1)). Under the transformation (4.31) the operators Q^±_{V A+AV} are odd, while s̄γ_5d and s̄d are even.

– 23 –

3. At this stage we have proven that both the operators s̄γ_5d and s̄d must appear multiplied by a factor of the form (m_c − m_u)(m_s − m_d). Based on this result we now show that a further factor (m_c + m_u) must be present owing to the spurionic invariance of the action under the transformation

Ex_5(u, u^′) × Ex_5(u^{′′}, u^{′′′}) × (m_u → −m_u) × × Ex_5(c, c^′) × Ex_5(c^{′′}, c^{′′′}) × (m_c → −m_c) , (4.32)

where Ex_5(f_1, f_2) is defined in eq. (3.17). In fact, under the transformation (4.32) the operators Q^±_{V A+AV} are even, while the combinations (m_c −m_u)s̄γ_5d and (m_c −m_u)s̄d are odd. Consequently, the mass factor in front of both operators will have to have the form (m^2_c − m^2_u)(m_s − m_d). Thus the GIM suppression factor turns out to be quadratic just like in the continuum.

We remark that each of the operators Q^{± [k]}_{V A+AV} , k = 0, 1, 2, 3, that make up Q^±_{V A+AV} , actually mixes with (m_c −m_u)(m_s −m_d)s̄γ_5d and (m_c −m_u)(m_s −m_d)s̄d, with linearly divergent coefficients. Owing to the spurionic invariance R^{sp}_{5u[k]} × R^{sp}_{5c[k]} (eq. (2.16)), such coefficients are, however, odd in r_u[k] = r_c[k] . As a consequence of this property and the peculiar valence flavour structure of the regularization we have introduced (see eq. (4.16)), all the mixings with lower dimensional operators cancel against each other in the combination (4.11), which is symmetric under (u, c) ↔ (u^′, c^′) and (u^{′′}, c^{′′}) ↔ (u^{′′′}, c^{′′′}). 4. On the basis of the further spurionic invariance of the lattice action under the transformation P_5 × (M → −M) , (4.33)

where P_5 is defined in eq. (A.9), one concludes that the mixing of Q^±_{V A+AV} with s̄d must be suppressed by an extra quark mass factor, besides (m^2_c −m^2_u) and (m_s −m_d). This is so because the operators Q^±_{V A+AV} are odd under the transformation (4.33), precisely as (m^2_c − m^2_u)(m_s − m_d)s̄γ_5d, while the combination (m^2_c − m^2_u)(m_s − m_d)s̄d is even. In front of the latter a further mass factor must hence be present, which for consistency with the symmetries (4.30), (4.31) and (4.32) can only be of the form (m_s + m_d). We get in this way the expression anticipated in eq. (4.27), which we notice is a mere O(a) cut-off effect. Its contribution actually cancels in Wilsonaveraged correlators and derived matrix elements.

We have thus proved that the operators Q^±_{V A+AV} do not mix with operators of dimension lower than six.

4.5.2 Operators of dimension six The operators Q^±_{V A+AV} (eq. (4.11)) are linear combinations of the operators Q^{± [k]}_{V A+AV} , defined in eq. (4.12). The latter — according to the notation introduced in (4.13) — contain, besides the valence d and s quarks, the flavour species u and c when k = 0, u^′ and c^′ when k = 1, u^{′′} and c^{′′} when k = 2 and finally u^{′′′} and c^{′′′} when k = 3.

– 24 –

The somewhat involved proof that the operators Q^{± [k]}_{V A+AV} , k ∈ {0, 1, 2, 3} and, hence, Q^±_{V A+AV} (eq. (4.11)) mix neither between themselves nor with any other operator of dimension six is given in appendix C.^{16}

Incidentally we remark that the overall renormalization constant of each Q^{± [k]}_{V A+AV} does not depend on the sign of r_u[k] = r_c[k] (see eq. (4.16)), owing to the general argument given below eq. (2.21). Since all the valence Wilson parameters are taken to be equal in absolute value, it follows that the renormalization constant of Q^{± [k]}_{V A+AV} is actually independent of k, i.e. is the same for all the terms that make up Q^±_{V A+AV} .

5. The ΔI = 1/2 rule from K → π amplitudes In the chiral limit K → ππ amplitudes can be related to K → π and K → vacuum amplitudes by the soft pion theorems (SPT’s) [33] of Current Algebra [34]. The interest of these formulae lies in the fact that they allow to evaluate in the chiral limit K → ππ amplitudes from the knowledge of K → π matrix elements which are simpler to compute numerically because the final (and the initial) state is a one-particle state and the nogo theorem of ref. [22] does not apply. Naturally, as these relations are among amplitudes evaluated in the limit of vanishing quark masses, a non-trivial extrapolation to the physical mass point will have to be performed.

Starting again from eq. (4.2), it can be proved [19, 31, 32, 13] that in QCD with four flavours it is enough to compute (for a range of quark masses and momenta of the kaon and pion states) the matrix elements ⟨π^+(p)| ^O^±_{V V +AA}|K^+(q)⟩ , ⟨π^0(p)| ^O^±_{V V +AA}|K^0(q)⟩ , (5.1) where the bare expression of the parity even operators ^O^±_{V V +AA} reads O^±_{V V +AA} = 1 2 [ (s̄γ_μu)(ūγ_μd) ± (s̄γ_μd)(ūγ_μu) ] − 1 2 [ u ↔ c ] + + 1 2 [ (s̄γ_μγ_5u)(ūγ_μγ_5d) ± (s̄γ_μγ_5d)(ūγ_μγ_5u) ] − 1 2 [ u ↔ c ] . (5.2)

Following a strategy analogous to the one developed in the previous section, we want to prove that the matrix elements (5.1) can be extracted (actually with no O(a) cut-off effects) from correlation functions defined in an auxiliary lattice regularized theory where the relevant four fermion operators do not mix with any other operator of wrong chirality or opposite parity.

5.1 Correlation functions and valence quarks Let us start by noting that the four matrix elements appearing in eq. (5.1) can be obtained in the formal continuum QCD theory with four quark flavours (qcd4) from (suitable Fourier transforms of) the correlators

C^{(qcd4)} ±,Kπ (x, y) = ⟨Φπ(x)O ± V V +AA(0)Φ † K (y)⟩_{conn} (5.3)

with K and π being either K^0 and π^0 or K^+ and π^+.

16As we have already pointed out, the operators Q^{± [k]}_{V A+AV} separately do mix with operators of lower dimensions. But in the relevant combination of eq. (4.11) the latter cancel out and arrange themselves so as to give rise precisely to the pattern of eqs. (4.26) to (4.29), as was shown in section 4.5.1.

– 25 –

Always at a formal level, we need to consider again the (4s10v) model that was introduced in section 4.2. We are interested now in the correlators

C^{(4s10v)} ±,Kπ (x, y) = ⟨Φπ(x)Q ± V V +AA(0)Φ † K (y)⟩_{conn} , (5.4)

where the meson interpolating operators Φ_K and Φ_π are made out exclusively of the valence quarks u, d and s, while the operators Q^±_{V V +AA} are given by

Q^±_{V V +AA} = Q^{± [0]}_{V V +AA} + Q^{± [1]}_{V V +AA} − 1 2 Q^{± [2]}_{V V +AA} − 1 2 Q^{± [3]}_{V V +AA} , (5.5) Q^{± [k]}_{V V +AA} = 1 2 [ (s̄γ_μu^{[k]})(ū^{[k]}γ_μd) ± (s̄γ_μd)(ū^{[k]}γ_μu^{[k]}) ] − 1 2 [ u^{[k]} ↔ c^{[k]} ] + + 1 2 [ (s̄γ_μγ_5u^{[k]})(ū^{[k]}γ_μγ_5d) ± (s̄γ_μγ_5d)(ū^{[k]}γ_μγ_5u^{[k]}) ] − 1 2 [ u^{[k]} ↔ c^{[k]} ] . (5.6)

As in the previous section, if the two (4s10v) and (qcd4) models are regularized in the same way (say, using GW fermions), a straightforward application of Wick theorem leads to the equalities C^{(4s10v)} ±,Kπ (x, y) = C (qcd4) ±,Kπ (x, y) , (5.7) valid at any finite value of the lattice spacing, provided bare (and thus also renormalized) quark masses of the same flavour are given identical numerical values in the two theories. Eqs. (5.7) in particular imply that the renormalization constants of the operators Q^±_{V V +AA} in (4s10v) can be taken equal to those of the operators O^±_{V V +AA} in (qcd4). The same equality holds for the kaon and pion interpolating fields. With this natural choice of renormalization conditions eqs. (5.7) are valid for the corresponding renormalized correlators and carry over to the continuum limit.

5.2 A convenient lattice discretization of the C^{(4s10v)}_{±,Kπ} correlators

For the purpose of getting rid of all mixing problems in the process of computing the matrix elements (5.1), we will have to regularize the (4s10v) model in way which is slightly different from that we followed in section 4.3. Namely, we now have to take −r_s = r_d , r_u = −r_u′ = r_u′′ = −r_u′′′ = r_c = −r_c′ = r_c′′ = −r_c′′′ . (5.8) and fix the relation between the two sets of Wilson parameters in eq. (5.8) by setting^{17}

r_u = r_d . (5.9)

This lattice regularized model will be denoted in the following as (4s10v)^{L∗}_{tm}. We stress that it differs from the lattice model (4s10v)^L_{tm} of section 4.3 only by the sign of r_s relative to r_d = r_u (and to all the remaining valence Wilson parameters). Naturally, in order to obtain

17This choice is made for convenience, i.e. to directly exploit the results of the previous section in the argument we will give in section 5.3 and also to have, for m_d = mu, exact isospin symmetry in the u and d valence quark sector. However, for the purpose of canceling unwanted mixings only the condition |ru| = |r_d| is necessary (see appendix B).

– 26 – from the (4s10v)^{L∗}_{tm} model correlators that in the continuum limit are equivalent to those of (qcd4), the quark mass renormalization conditions (4.18)–(4.19) have to be imposed. As in section 3.1 such conditions entail eq. (4.20).

In practice to extract the matrix elements (5.1), besides the three-point correlators (5.4), it will be necessary to evaluate in the (4s10v)^{L∗}_{tm} model also two-point correlators of the type ⟨Φ_π(x)Φ^†_π(x^′)⟩_{conn} , ⟨Φ_K (x)Φ^†_K (x^′)⟩ . (5.10)

Suitable spatial Fourier transforms of these two- and three-point correlation functions contain all the information which is necessary in order to extract the desired K → π matrix element. The correlators (5.4) and (5.10) can be O(a) improved by taking appropriate W A’s or by averaging over amplitudes computed with opposite signs of the K and π three-momenta.

Analogously to the K → ππ case previously discussed, also here one could eliminate the valence quark species u^{′′′} and c^{′′′} and accordingly modify the expression of the operator (5.5) with the substitution Q^±_{V V +AA} → Q^{± [0]}_{V V +AA} + 1 2 Q^{± [1]}_{V AV AA} − 1 2 Q^{± [2]}_{V V +AA} . (5.11)

5.3 The renormalization properties of Q^±_{V V +AA}

Proving that in the (4s10v)^{L∗}_{tm} model the operator Q^±_{V V +AA} (eq. (5.5)) does not mix with any other operator is immediate from the results of section 4.5. It suffices, in fact, to perform in the functional integrals that defines the relevant correlation functions of the (4s10v)^{L∗}_{tm} model the change of fermionic integration variables induced by the transformation R_{5s} (see eq. (2.10)). The reason is that under this transformation 1) the action of the (4s10v)^{L∗}_{tm} model turns into that of the (4s10v)^L_{tm} model except for a sign inversion in front of the s quark mass term; 2) the operator Q^±_{V V +AA} is transformed into the operator Q^±_{V A+AV} . At this point we are exactly in the situation we have discussed in section 4, except that we have to carry out the transformation R_{5s} on the list of operators (4.26) to (4.29) and invert the sign of m_s in all formulae we previously got. Thus, the pattern of eqs. (4.26) to (4.29) gets modified as follows

(m_c − m_u)(m_c + m_u)(m_s + m_d) s̄d , (5.12) (m_c − m_u)(m_c + m_u)(m_s + m_d)(m_s − m_d) s̄γ_5d , (5.13) (m_c − m_u)(m_c + m_u)(m_s + m_d) s̄σ·F d , (5.14) (m_c − m_u)(m_c + m_u)(m_s + m_d)(m_s − m_d) s̄σ·F γ_5d . (5.15)

The mass factors appearing in eqs. (5.13) and (5.15) in front of the operators s̄γ_5d and s̄γ_5σ·F d depend quadratically on m_s, so they are left unchanged. Furthermore, the whole line of arguments we gave before to prove that Q^±_{V A+AV} could not mix with operators of dimension six in the (4s10v)^L_{tm} model can be applied to infer the same property for the operators Q^±_{V V +AA} in the (4s10v)^{L∗}_{tm} model, as dimensionless mixing coefficients are independent of the quark mass (in a mass independent renormalization scheme). This concludes our proof.

– 27 –

The net result of this analysis is that the situation is just like in continuum massive QCD. Only the particular combination appearing in eq. (5.12) needs a (logarithmically) divergent coefficient, were this subtraction required. This term, however, will not contribute to the K → π form factor that is related through SPT’s to the K → ππ amplitude, because SPT’s have to be understood as relations between amplitudes evaluated in the chiral limit.

Concerning the renormalization constants of the operators Q^±_{V V +AA} in the model (4s10v)^{L∗}_{tm} , it is clear that they are equal to those of the operators Q^±_{V A+AV} in the model (4s10v)^L_{tm} (see comments on the evaluation of Z^±_{V A+AV} at the end of section 4.3). The reason is simply that, as pointed out before, the change of fermionic integration variables induced by the transformation R_{5s} exactly maps the two theories and the two operators one into the other.

6. Concluding remarks

Our present knowledge of QCD offers a deep understanding of strong interaction physics with two noticeable exceptions. One is the lack of a convincing solution of the strong-CP problem [35], the second is the difficulty of finding a physically sound explanation of the anomalously large value of the R(K → ππ) (eq. (4.1)).

Clarification of anyone of these two issues may have a significant impact on the structure of any forthcoming unified theory comprising the Standard Model, or give hints about possible signals of new physics already at low energy, though it is likely that the strong CP-problem cannot have a solution within QCD [36], but requires its embedding in a larger theory.^{18}

In this perspective the results of the present paper look rather interesting, because, when put together with those of refs. [2, 4], set the basis for a workable framework, where a first principle computation of the matrix elements of the CP-conserving ΔS = 1 and ΔS = 2 effective weak hamiltonian at realistic values of the light quark masses appears to be feasible with the computer resources that are or will be soon available. A more precise estimate of the requested computational effort will be possible as soon as the practical issues concerning the magnitude of residual cutoff effects, in particular for light quarks, and possible lattice phase transitions in unquenched simulations (see the discussion below) will be clarified.

Independently of these practical issues, the use of maximally twisted Wilson (or rather Österwalder-Seiler) fermions, according to the strategy advocated in this paper, brings about conceptual and qualitative progresses which can be summarized as follows:

1. no zero modes of the Wilson-Dirac operator at non-vanishing quark masses (in particular no exceptional configurations);

2. a positive definite fermionic determinant, even for mass non-degenerate quarks, in unquenched studies with an even number of dynamical flavours (in this paper we focused on the phenomenologically relevant case of four flavours);

18See, however, the papers in ref. [37] for a possible solution within QCD itself.

– 28 –

3. no contribution from wrong chirality or opposite parity mixing for the lattice operators entering the computation of the weak matrix elements of interest;

4. automatic (or easily obtainable) O(a) improvement of all relevant physical quantities.

Although the method we propose is rather general, in this paper for definiteness it has been applied only to the (important) instance of the evaluation of the B_K parameter entering the K^0–K̄^0 mixing and the K → ππ, or K → π, amplitude. In the lattice computational framework we propose

• the B_K parameter can be hopefully computed including sea quark effects, with a sufficiently small error, so as to significantly reduce one of the largest theoretical uncertainty in the phenomenology of the unitarity triangle [15];

• the yet elusive ΔI = 1/2 signal does not appear to be anymore buried underneath a numerically overwhelming, divergent subtraction (as was the case for Wilson fermions).

These results are obtained at a surprisingly low price. Sea quarks need to be introduced in pairs and a somewhat exotic pattern of valence quarks has to be used in the construction of the effective weak hamiltonian lattice operator.

From several viewpoints the situation is thus very much like with GW fermions, where chiral symmetry is exact and cut-off effects only show up at O(a^2). The non-negligible gain that we get with the strategy we are advocating here is that the computational burden appears to be significantly reduced with respect to simulations involving GW fermions. This feature makes our method potentially suited for the study of systems with a physical linear size of a few fermi, while including sea quark effects. In comparison to approaches based on untwisted Wilson fermions (which are, however, plagued with complicated operator mixing and the problem of “exceptional configurations”), the method we propose possibly requires a little more extra computing time, owing to the need of computing certain valence quark propagators for opposite values of the Wilson parameter. This overhead is more than compensated at small quark masses by the expected improvement in the performance of linear solvers, due to the protection against spurious quark zero modes that is guaranteed by twisting.

6.1 Critical mass and O(a) improvement

It should be noted that our work is not based on any special definition of the critical mass for sea and valence quarks (see eqs. (2.4)–(2.5)). The method for O(a) improvement discussed in section 2.3, which is a straightforward generalization of the approach presented in ref. [2], relies only on the property that f_{cr}(r_1; r_2, r_3) is an odd function of r_1, implying that the sea and valence critical masses, M_{cr}(r_{ℓ,h}) and M_{cr}(r_f ) are in turn odd in r_{ℓ,h} and r_f , respectively. The argument showing that f_{cr} is odd in r_1 we give here (in section 2.1 and appendix A) is analogous to that presented in ref. [2] in the case of generic (chirally twisted) Wilson fermions.

– 29 –

The question of the r-parity properties of M_{cr}(r) was taken up in refs. [38, 39]. Clearly this issue could have an impact on the question of O(a) improvement as we have discussed it in the present paper and in ref. [2]. Actually, it turns out that M_{cr}(r) can and should always be taken odd in r.

The reason is simply that any counterterm to be included in the process of renormalizing the theory should not break any of the symmetries the classical action enjoys prior to renormalization. Indeed, the manifold of the possible solutions for M_{cr}, defined by whichever condition one wishes to take, has the property of being reflected around zero under the transformation r → −r (see e.g. ref. [40] for a discussion of this point). Thus it would be unwise and not very useful to violate the (spurionic) symmetries of the theory (in particular P × (R → −R)) by having a critical mass that, for instance, to some O(a^p) with p > 1, is not odd in r.

Apart from this observation, it is important to remark that the whole issue of O(a) improvement, as it is discussed in ref. [2] and in this paper, assumes that as a → 0 the counting of powers of a is done by taking the renormalized quark masses fixed. We did not address the interesting question of what happens when the quark mass is taken to be a quantity of O(a) or O(a^2), as often done in papers dealing with lattice chiral perturbation theory [38, 39, 41, 42, 43].

6.2 Tests and numerical issues

The numerical effectiveness of the whole approach based on maximally twisted Wilson quarks has to be carefully checked, especially for small quark masses and when taking into account the effects of sea quarks.

There are already encouraging results, coming from the quenched simulations of ref. [12] and the analytic work of ref. [41], indicating that the scaling behaviour of the theory is indeed smoother and flatter than with standard or clover-improved Wilson fermions. An extension of the scaling tests of ref. [12] to several lower values of the pseudoscalar meson mass, down to less than 300 MeV, is currently in progress [44].

Furthermore, recently, an exploratory study of the effects of unquenching in simulations of tm-LQCD with two mass degenerate quarks on rather coarse lattices of size 8^3 ×16, 12^3 × 24 and 16^3 ×32 at β = 5.2 (using the standard Wilson plaquette action) was presented [45]. In this work the PCAC quark mass, m^{P CAC}_χ (see eq. (12) of ref. [45]), the mass of the pion and the plaquette expectation value have been measured at am_ℓ = 0.01,^{19} as functions of the untwisted mass, m_0.^{20}

Results show features of the kind suggested by refs. [46, 42, 43] in the framework of chiral perturbation theory, when the order of magnitude inequality a^2Λ^2_{QCD} ≪ am_ℓ is not satisfied [2]. Metastabilities are detected, signalled by the behaviour of the plaquette expectation value which is seen to undergo hysteresis cycles as m_0 is driven through M_{cr}. In this situation gauge configurations cannot be considered as properly thermalized. Metastable states associated with values of m^{P CAC}_χ of different sign have been identified and argued to

19In the notation of ref. [45] m_ℓ ≡ μ.

20Introducing m0 in the action (2.1) amounts to replacing there Wcr with Wcr − Mcr + m0.

– 30 – stem from the effective lack of criticality of the subtracted Wilson term and the associated existence of non-zero values for the parity and flavour breaking quark condensates. As a consequence, one does not yet observe the expected vanishing of m^{P CAC}_χ at a critical value of m_0 (providing a natural definition of M_{cr}). It is, however, reassuring to see that the squared pion mass appears to be roughly proportional to √ (Z_Am^{P CAC} χ )^2 + m^2_ℓ in both the observed metastable branches.

On the basis of the present understanding [43] of the metastability phenomena discussed above, we expect them to get weaker and weaker and eventually disappear as the lattice spacing is decreased, making thus possible the evaluation of physical quantities with controlled O(a^2) cut-off effects. Preliminary data [47] coming from simulations in progress at β = 5.3 seem to be consistent with such an expectation.

6.3 Outlook

The idea of using a hybrid approach where valence and sea quarks are regularized in different fashion was already put forward in the literature (see, for instance, ref. [48] and references therein). Along this line a winning strategy, where all the nice properties we have listed above remain valid, could be to use GW fermions as valence quarks and maximally twisted quark pairs in loops. With this choice one could ease the problem related to the need of working at relatively large values of β (and correspondingly large lattices) if the valence quark mass is small, and obtain a computational framework, where CPU times for inverting the overlap Dirac operator and stochastically taking into account the fermion determinant are comparable.

We end by recalling that the tm-LQCD action can also be employed [1, 49] in the framework of the Schrödinger functional formalism [50]. Results about the O(a) improvement remain valid for quantities that are independent of the boundary conditions, like on-shell matrix elements or masses. However, if one wishes to improve the whole Schrödinger functional, which is a necessary step in order to get cancellation of O(a) cut-off effects in the evaluation of, for instance, the running gauge coupling, quark masses and renormalization constants, the way of extending the W A method is not completely obvious and will be the object of a forthcoming publication [51].

Acknowledgments

We thank D. Bećirević, M. Della Morte, L. Giusti, C. Hoelbling, K. Jansen, L. Lellouch, C. Pena, M. Testa and A. Vladikas for discussions. One of us (G.C.R.) wishes to thank the Humboldt Foundation for financial support.

A. Renormalizability of the lattice model (2.1)

We want to show in this appendix that the action of the lattice model (2.1) contains all the terms of dimension not larger than four, allowed by the action symmetries, that are required for correlators with no ghost fields be renormalizable. In the course of this discussion we also prove 1) the results contained in eqs. (2.6)–(2.7), 2) the property that

– 31 – a unique function, f_{cr}(r; r_ℓ, r_h), determines the critical mass of OS valence and twisted sea quarks (see eqs. (2.4)–(2.5)) and 3) the relation Z_m(r_f ) = Z_P (r_f )^{−1} for r_f = r_ℓ or r_f = r_h.

We start by noticing that completely standard arguments, based on dimensionality and invariance of the action (2.1) under lattice gauge transformations, translations, H(4) rotations and charge conjugation,

C : U_μ(x) → U^∗_μ(x) ψ_p(x) → iγ_0γ_2ψ̄^T_p (x) , ψ̄_p(x) → −ψ^T_p (x)iγ_0γ_2 , p = ℓ, h q_f (x) → iγ_0γ_2q̄^T_f (x) , q̄_f (x) → −q^T_f (x)iγ_0γ_2 , all f^′s ϕ_f (x) → iγ_0γ_2(ϕ^†_f )^T (x) = iγ_0γ_2ϕ^∗_f (x) , all f^′s

, (A.1)

imply that the only relevant action density terms are, besides gauge invariant gluonic operators (F F and F ~F ), either fermionic bilinears of the type ψ̄_p . . . ψ_p and q̄_f . . . q_f or ghost bilinears of the form ϕ^†_f . . . ϕ_f .

A.1 Sea quark sector

The renormalization of correlation functions with only gluons and ψ_{ℓ,h}, ψ̄_{ℓ,h} fields proceeds as discussed in ref. [4]. In fact, for this class of correlation functions the contributions coming from functionally integrating valence quark and ghost fields completely cancel against each other, while the symmetries discussed in ref. [4] are straightforwardly extended from one to two pairs of maximally twisted quarks.^{21}

Furthermore mixed sea quark action terms of the form ψ̄_ℓ . . . ψ_h or ψ̄_h . . . ψ_ℓ can not arise, as it trivially follows from the invariance of the action under the independent U(1) vector transformations I_p : ψ_p(x) → e^{iθp} ψ_p(x) , ψ̄_p(x) → ψ̄_p(x)e^{−iθp} , p = ℓ, h . (A.2) The important equation (2.6) can be derived from the analysis of the chiral WTI’s of the lattice model (2.1) involving correlators with the insertion of ψ_{ℓ,h} and ψ̄_{ℓ,h} fields only. Since valence quarks are totally inert, the structure of these WTI’s is identical to that reported in ref. [4] for maximally twisted lattice QCD with one pair of mass nondegenerate quarks. For the reader convenience we report here the WTI’s from which the renormalization properties of the quark masses most straightforwardly follow. If ^O(y) is a renormalized (multi-local) operator, one gets, among others, the two WTI’s (x ≠ y) ⟨( ∂^⋆_μÂ^{2p}_μ (x) − 2m̂_pP̂^{2p}(x) ) Ô(y) ⟩ | |_{(R,M)} = O(a) , (A.3) ⟨( ∂^⋆_μÂ^{3p}_μ (x) − 2m̂_pP̂^{3p}(x) + ϵ̂_pP̂^{0p}(x) ) Ô(y) ⟩ | |_{(R,M)} = O(a) , (A.4)

21In particular the symmetry operations that do not leave inert the gauge field must be performed on both quark pairs simultaneously. Important examples of these symmetries are

P^1_{π/2} × (m_l → −m_l) × (m_h → −m_h) , P^2_F × (ϵ_l → −ϵ_l) × (ϵ_h → −ϵ_h) ,

with P^1_{π/2} and P^2_F representing the obvious extensions of the operations in eqs. (62)–(63) of ref. [4] to the theory with two quark flavour pairs.

– 32 – where p runs over all possible sea quark pairs present in the theory, p = ℓ, h. In eqs. (A.3)– (A.4) we have used the definitions

Â^{2p}_μ = Z_V ψ̄_pγ_μγ_5 τ^2 2 ψ_p , Â^{3p}_μ = Z_V ψ̄_pγ_μγ_5 τ_3 2 ψ_p , (A.5)

P̂^{3p} = Z_P ψ̄_p τ^3 2 γ_5ψ_p , P̂^{0p} = Z_S ψ̄_pγ_5ψ_p , (A.6)

and ∂^⋆ is the backward derivative. The above formulae imply the relations

m̂^+_p = m̂_p + ϵ̂_p = Z^{−1}_P m_p + Z^{−1}_S ϵ_p , (A.7) m̂^−_p = m̂_p − ϵ̂_p = Z^{−1}_P m_p − Z^{−1}_S ϵ_p , (A.8)

for p = ℓ and p = h.

The renormalization constants Z_V , Z_P and Z_S are even functions of the Wilson parameter of the quark pair we focus on and the r parameters of all the other sea quark pairs appearing in virtual loops, Z_I (r_p) = Z_I (r_p; r_ℓ, r_h), I = V, P, S, . . . The renormalization constants Z_I (r_p) coincide with the corresponding ones of the standard Wilson theory with four flavours, if a mass independent renormalization scheme is employed.

A.2 Valence quark sector

Let us now come to the proof that the valence quark sector of the action (2.1) has the most general renormalizable form compatible with the symmetries of the model.

Due to valence flavour conservation, each valence flavour f renormalizes independently from all the others. Moreover one verifies the validity of the following statements.

1. The d = 4 operator q̄_f γ_5γ · ~∇q_f is forbidden by C;

2. The d = 3 operator iq̄_f γ_5q_f can appear with a coefficient (to be identified with the critical mass), proportional to 1/a and odd in r_f . Such a term is allowed by the spurionic invariance P_5 × (M → −M), where

P_5 :

U_0(x) → U_0(x_P ) , U_k(x) → U^†_k (x_P − ak̂) , k = 1, 2, 3 ψ_p(x) → γ_5γ_0ψ_p(x_P ) , ψ̄_p(x) → −ψ̄_p(x_P )γ_0γ_5 , p = ℓ, h q_f (x) → γ_5γ_0q_f (x_P ) , q̄_f (x) → −q̄_f (x_P )γ_0γ_5 , all f^′s ϕ_f (x) → γ_5γ_0ϕ_f (x_P ) , all f^′s ,

(A.9)

as such symmetry only excludes coefficients odd in m_f . The spurionic invariance R^{sp}_{5f} (see eq. (2.16)) fixes the r_f -parity of the coefficient to be negative. We recall that no odd powers of mass can arise from the sea quark determinant, as the latter is even in the sea quark mass parameters (as well as in the sea Wilson parameters). This proves the statement, made in the text, that the critical mass M_{cr}(r_f ) = a^{−1}f_{cr}(r_f ; r_ℓ, r_h) is an odd function of r_f .

3. The d = 3 operator q̄_f q_f is allowed, owing to the spurionic invariance P_5 × (M → −M), only if multiplied by an odd power of m_f (again no odd power of m_{ℓ,h} or ϵ_{ℓ,h} can arise from the sea quark determinant). Hence a term like a^{−1}q̄_f q_f is ruled out

– 33 – and only the term m_f q̄_f q_f needs be included in the action. This implies the multiplicative renormalizability of the valence quark mass parameter, m_f , see eq. (2.7).^{22} As remarked before, the renormalization constant of m_f , called Z_m(r_f ) in the text, must be even in r_f , for consistency with the spurionic invariance R^{sp}_{5f} .

4. The reality properties of the coefficients of all the quark bilinears are fixed by site/link reflection invariance, Θ_{s/l}. The action of Θ_{s/l} on gauge and sea quark fields has been specified in eqs. (58)–(59) of ref. [4]. Valence quarks, q_f , and ghosts, ϕ_f , transform under Θ_{s/l} precisely as each member of the sea quark pair field, ψ_p, while q̄_f transforms as the corresponding antiquark field.

Since we are not interested in correlators with ghost field insertions, we need not discuss in detail the renormalization of the ghost sector of the model. We only wish to stress again that, as we already remarked in the text, the parameters, r_f and m_f , in the ghost action (2.3) are completely fixed by the requirement that integration over the ghost field should exactly cancel the valence fermion determinant.^{23}

It is also a trivial observation that the invariance of the model (2.1) under independent U(1) transformations acting either on single valence flavours (I_f , see eq. (2.9)) or individual pairs of sea quarks (I_p, see eq. (A.2)) guarantees that no fermion bilinears with mixed valence-sea quark content can arise.

As for the operator iF ~F , its presence can be induced neither by integrating over the sea sector [4], because of the invariance under parity (P, see eq. (2.26)) combined with ψ_{ℓ,h}(x) → iτ_3ψ_{ℓ,h}(x) , ψ̄_{ℓ,h}(x) → −ψ̄_{ℓ,h}(x)iτ_3 , nor by integrating over the valence sector because the resulting fermionic determinant is exactly canceled by the ghost integration.

We note incidentally that the transformation P_5 (see eq. (A.9)) can be also cast in the form P_5 = P × R_{5l} × R_{5h} × ∏ f R_{5f} , (A.10)

where the transformations R_{5f} and R_{5p} are defined in eqs. (2.10)–(2.11).

A.3 Sea and valence quark mass renormalization

Here we want to establish the fact that within the model (2.1) a unique dimensionless function, f_{cr}, determines the critical masses in eqs. (2.4)–(2.5) and prove the relation (2.8) between the quark mass renormalization constants of sea and valence quarks.

22The analysis of chiral WTI’s with insertions of valence quark operators leads to the same result. 23Incidentally if one is willing to consider graded field transformations between valence fermions and ghosts [11], then it turns out that, once the valence fermion action is fixed by the usual renormalization conditions, the form of the ghost action is determined by requiring invariance under e.g. the transformation (with super-determinant equal to 1) ϕ_f (x) → q_f (x), q_f (x) → ϕ_f (x), ϕ^†_f (x) → sign(m_f )q̄_f (x), q̄_f (x) → sign(m_f )ϕ^†_f (x), which for each flavour exchanges quark and ghost fields.

– 34 –

For this purpose, let us consider correlators containing either only the fields ψ_ℓ and ψ̄_ℓ or only a pair of valence flavour fields, that we collect in the doublet Q ≡ (q_1, q_2), and choose r_ℓ = r_1 = −r_2 ≡ r , m_ℓ = m_1 = m_2 ≡ m , ϵ_ℓ = 0 . (A.11)

In this setting the relation between quark mass renormalization constants we wish to prove reads Z_m(r; r, r_h) = Z^{−1}_P (r; r, r_h) . (A.12)

It is convenient to consider two pairs of WTI’s, one involving correlators made out of exclusively the fields ψ_ℓ and ψ̄_ℓ and the second one involving only the valence fields Q and Q̄. The WTI’s of interest are (x ≠ y)

∂^∗_μ⟨V^{2 ℓ}_μ (x)P^{2 ℓ}(y)⟩ | |_{(R,M)} = O(a) , (A.13)

∂^∗_μ⟨A^{2 ℓ}_μ (x)P^{2 ℓ}(y)⟩ | | (R,M) = 2m⟨P^{2 ℓ}(x)P^{2 ℓ}(y)⟩ | | (R,M) + O(a) , (A.14)

where we have used the definitions

V^{2 ℓ}_μ (x) = ψ̄_ℓ(x)γ_μ τ_2 2 ψ_ℓ(x) , (A.15)

P^{2 ℓ}(x) = ψ̄_ℓ(x)γ_5 τ_2 2 ψ_ℓ(x) , (A.16)

2 A^{2 ℓ}_μ (x) = ψ̄_ℓ(x)γ_μγ_5 τ_2 2 U_μ(x)ψ_ℓ(x + aμ̂) + ψ̄_ℓ(x + aμ̂)γ_μγ_5 τ_2 2 U^†_μ(x)ψ_ℓ(x) − −r [ ψ̄_ℓ(x)τ^3 2 U_μ(x)ψ_ℓ(x + aμ̂) − ψ̄_ℓ(x + aμ̂) τ_3 2 U^†_μ(x)ψ_ℓ(x) ] (A.17)

and the corresponding WTI’s with the ψ_ℓ and ψ̄_ℓ fields replaced by the valence fields Q and Q̄, i.e.

∂^∗_μ⟨V^{2 Q}_μ (x)P^{2 Q}(y)⟩ | | (R,M) = O(a) , (A.18)

∂^∗_μ⟨A^{2 Q}_μ (x)P^{2 Q}(y)⟩ | |_{(R,M)} = 2m⟨P^{2 Q}(x)P^{2 Q}(y)⟩ | |_{(R,M)} + O(a) , (A.19)

where analogously we have set

V^{2 Q}_μ (x) = Q̄(x)γ_μ τ_2 2 Q(x) , (A.20)

P^{2 Q}(x) = Q̄(x)γ_5 τ_2 2 Q(x) , (A.21)

2 A^{2 Q}_μ (x) = Q̄(x)γ_μγ_5 τ_2 2 U_μ(x)Q(x + aμ̂) + Q̄(x + aμ̂)γ_μγ_5 τ_2 2 U^†_μ(x)Q(x) + +r [ Q̄(x)τ^1 2 U_μ(x)Q(x + aμ̂) − Q̄(x + aμ̂) τ_1 2 U^†_μ(x)Q(x) ] . (A.22)

Imposing the validity of the WTI’s (A.13) and (A.18) is a way of arriving at a definition of the critical mass for the ℓight quark pair and the valence quark doublet Q = (q_1, q_2), respectively. The key observation is that, with the choice (A.11) of bare parameters, the l.h.s. of eq. (A.13) is exactly equal to the l.h.s. of eq. (A.18). To prove this it is enough

– 35 – to perform a (suitable) vector-τ_2 rotation of the ℓight quark field pair, so as to rewrite its action in the basis where the Wilson term is multiplied by −iγ_5τ_3 as is the case of the Qdoublet. Such a rotation does not alter the expression of the operators (A.15) and (A.16), but brings the flavour structure of the axial current (A.17) to that of eq. (A.22). It thus follows that the numerical value of M_{cr} = a^{−1}f_{cr}(r; r, r_h) inferred by enforcing the vanishing of the r.h.s. of eq. (A.13) is the same that is obtained by enforcing the same condition on eq. (A.18), and viceversa. This proves the relations (2.4)–(2.5).

The WTI’s (A.14) and (A.19) contain all the relevant information about the quark mass of the ℓight quark pair and the valence quark doublet (q_1, q_2), respectively. Moreover they involve the exactly conserved 1-point split axial currents (A.17) and (A.22). Precisely for this reason, the quark mass renormalization factor can be taken equal to the inverse of the renormalization constant of the relevant pseudo-scalar densities, which are P^{2 ℓ} (eq. (A.16)) and P^{2 Q} (eq. (A.21)) for the ℓight quark pair and the valence quark doublet, respectively. In the text we have denoted the mass renormalization constant of the ℓight quark pair by Z^{−1}_P (r) = Z^{−1}_P (r; r, r_h) and that of the valence fields Q = (q_1, q_2) by Z_m(r) = Z_m(r; r, r_h) (recall that Z_m is even in r and we have taken r_1 = −r_2 ≡ r, see eq. (A.11)). At this point the relation (A.12) is a consequence of the fact that, by the same argument we gave before for the vector WTI’s (A.13) and (A.18), the correlator ⟨P^{2 ℓ}(x)P^{2 ℓ}(y)⟩|_{(R,M)} in eq. (A.14) is equal to the correlator ⟨P^{2 Q}(x)P^{2 Q}(y)⟩|_{(R,M)} in eq. (A.19).

B. Isospin and parity breaking effects in the light quark sector

Although to guarantee the desired renormalization properties of Q^±_{V A+AV} only the condition |r_u| = |r_d| is actually necessary, the choice (4.17) is quite convenient as it preserves (for m_d = m_u) the isospin symmetry of the action of the u and d pair of valence quarks. As a consequence of this symmetry, the two-pion states |π^+π^− > and |π^0π^0 > cannot mix with the neutral pion state, |π^0 >, as it would be the case had we chosen the condition r_u = −r_d instead of (4.17). This remark is very important in practice, because (recall that parity is not a symmetry of tm-LQCD) it allows to exclude the presence of the neutral pion state among the low mass states contributing to the spectral representation of the correlators C^{(4s10v)}_{±,π+π−} (x, z, y) and C^{(4s10v)}_{±,π0π0} (x, z, y) (see eqs. (4.9)–(4.10)).

It should be noted, in fact, that, if present (as in the case isospin is broken by the choice r_u = −r_d or by taking m_d ≠ m_u), the contribution of the neutral pion may numerically compete with the relevant isospin and parity preserving contributions, since its mass is generically lower than the energy of the two pion states we are interested in. Consistently with the general properties of tm-LCDQ it can, however, be shown that isospin and parity breaking contributions to the spectral representation are mere O(a^2) cut-off effects. The latter can be disentangled by standard techniques and removed from the measured correlators before extracting the relevant O(1) contributions.

There is an extra problem that should be mentioned if isospin (and parity) is broken. Namely the fact that the standard interpolating field for the neutral pion, eq. (4.22), mixes with the identity operator. To avoid this problem one may replace the latter with the

– 36 – fourth component of the neutral axial current

Φ_π0 = Φ^†_{π0} → 1 √ 2 [ ūγ_0γ_5u − d̄γ_0γ_5d ] . C. Absence of the mixing of Q^±_{V A+AV} with operators of dimension six

In this appendix we prove that the operators Q^{± [k]}_{V A+AV} cannot mix with any other operator of dimension six. Looking at eqs. (4.16)–(4.17), we see that just two operators need to be considered, i.e.

1. Q^{± [0]}_{V A+AV} , where valence quark species have r_u = r_c = r_d = r_s;

2. Q^{± [1]}_{V A+AV} , where valence quark species have r_u′ = r_c′ = −r_d = −r_s.

Indeed the case of Q^{± [2]}_{V A+AV} is identical to the case of Q^{± [0]}_{V A+AV} , and the case of Q^{± [3]}_{V A+AV} to that of Q^{± [1]}_{V A+AV} , because the quarks that enter have an equal pattern of signs of the Wilson parameters.^{24}

Since we are discussing the mixing of operators of the same dimension, we can set to zero the masses of the quarks and consider the lattice model (4s10v)^L_{tm} in the chiral limit.

Let us discuss separately the case of Q^{± [0]}_{V A+AV} and Q^{± [1]}_{V A+AV} .

C.1 The operator Q^{± [0]}_{V A+AV}

A basis for the operators of dimension six which Q^{± [0]}_{V A+AV} can mix with is given by [20]

Q^{+ [0]}_Y , Q^{− [0]}_Y , Y = V A + AV, V A − AV, SP + P S, SP − P S, T ~T , V V + AA, V V − AA, SS + P P, SS − P P, T T . (C.1) The notation V A+AV , V A−AV , . . . , T T refers to the Dirac structure of the four-fermion operators and is self-explanatory. For instance, with σ_{μν} ≡ i[γ_μ, γ_ν ]/2, we have

Q^{± [0]}_{V V +AA} = 1 2 [ (s̄γ_μu)(ūγ_μd) ± (s̄γ_μd)(ūγ_μu) ] − 1 2 [u ↔ c] + + 1 2 [ (s̄γ_μγ_5u)(ūγ_μγ_5d) ± (s̄γ_μγ_5d)(ūγ_μγ_5u) ] − 1 2 [u ↔ c] , (C.2)

Q^{± [0]}_{T T} = 1 2 [ (s̄σ_{μν} u)(ūσ_{μν} d) ± (s̄σ_{μν} d)(ūσ_{μν} u) ] − 1 2 [u ↔ c] . (C.3)

The key observation is that, owing to the equality r_u = r_c = r_d = r_s of the Wilson parameters of the quarks appearing in Q^{± [0]}_Y , the part of the lattice action relative to these quarks (the standard u, d, s and c quarks) admits an exact SU(4) flavour symmetry,

24The arguments that follow would go through also if we were to replace eq. (4.17) with ru = −r_d, while maintaining eq. (4.16). In fact, this new choice for the valence Wilson parameters is related to the one we made in the text by the transformation Ex(u, u^′) × Ex(u^{′′}, u^{′′′}) × Ex(c, c^′) × Ex(c^{′′}, c^{′′′}) which leaves invariant the form of the operator Q^±_{V A+AV} . See, however, appendix B.

– 37 – which prevents the operators of the type (+) to mix with any of the (−) counterparts, as they belong to different irreducible representations of the SU(4) flavour group. The operators in (C.1) can be thus viewed to yield two separate bases, one for the (+) sector and another one for the (−) sector, containing the candidates for the mixing with Q^{+ [0]}_{V A+AV} and Q^{− [0]}_{V A+AV} , respectively.

Notice that conservation of each separate valence quark species forbids the mixing of the operators Q^{± [0]}_{V A+AV} with the operators Q^{± [k]}_Y , k = 1, 2, 3, as they have different flavour content.^{25}

For brevity, we will deal “in parallel” with Q^{+ [0]}_{V A+AV} and Q^{− [0]}_{V A+AV} . One checks that the invariance of the action (4s10v)^L_{tm} under P_5 (see eq. (A.9)) rules out the mixing of Q^{± [0]}_{V A+AV} with the operators of the form Q^{± [0]}_W , having the Dirac structure W = V V + AA, V V − AA, SS + P P, SS − P P, T T . In fact, these operators are even under P_5, while Q^{± [0]}_{V A+AV} is odd.

To complete the proof we notice that under the symmetry transformation Ex(d, s) × C, the operator Q^{± [0]}_{V A+AV} is odd, while the operators Q^{± [0]}_{SP +P S} and Q^{± [0]}_{T ~T} are even. As for the operators Q^{± [0]}_{V A−AV} and Q^{± [0]}_{SP −P S} they have more complicated transformation properties, namely Q^{± [0]}_{V A−AV} → Q^{∓ [0]}_{V A−AV} and Q^{± [0]}_{SP −P S} → −Q^{∓ [0]}_{SP −P S}. The operators that under Ex(d, s) × C have the same transformation properties as Q^{± [0]}_{V A+AV} are thus the combinations Q^{+ [0]}_{V A−AV} − Q^{− [0]}_{V A−AV} and Q^{+ [0]}_{SP −P S} + Q^{− [0]}_{SP −P S}, but SU(4) flavour symmetry prevents Q^{± [0]}_{V A+AV} from mixing with them. This concludes the proof for Q^{± [0]}_{V A+AV} .

C.2 The operator Q^{± [1]}_{V A+AV}

We now consider the case of the operator Q^{± [1]}_{V A+AV} , which differs from the previous one only because the Wilson parameters of the relevant valence quarks obey the relation r_u′ = −r_d = −r_s = r_c′ .

The mixing and renormalization properties of the operator Q^{± [1]}_{V A+AV} can be brought back to that of the operator Q^{± [0]}_{V A+AV} , discussed above, by simply observing that the change of functional integration variables induced by the transformation R_{5u}′ ×R_{5c}′ does not touch the expression of Q^{± [1]}_{V A+AV} and leaves invariant the massless action of the valence quarks, apart from switching the signs of the Wilson terms of the quark species u^′ and c^′. We get in this way precisely the situation we had before. Since a change of variable in the functional integral leaves unchanged all the correlators, from the absence of mixing we proved in the case of Q^{± [0]}_{V A+AV} we can infer the same result for Q^{± [1]}_{V A+AV} . This ends the proof.

References

[1] R. Frezzotti, P.A. Grassi, S. Sint and P. Weisz, A local formulation of lattice QCD without unphysical fermion zero modes, Nucl. Phys. 83 (Proc. Suppl.) (2000) 941; Lattice QCD with a chirally twisted mass term, J. High Energy Phys. 08 (2001) 058 [hep-lat/0101001];

25Of course, away from the chiral limit each of the Q^{± [k]}_Y , k = 0, 1, 2, 3 can mix with Δs = −Δd = 1 two-quark operators having the same unbroken quantum numbers, as we discussed in the text.

– 38 –

ALPHA collaboration, R. Frezzotti, S. Sint and P. Weisz, O(a) improved twisted mass lattice QCD, J. High Energy Phys. 07 (2001) 048 [hep-lat/0104014];

ALPHA collaboration, M. Della Morte, R. Frezzotti, J. Heitger and S. Sint, Cutoff effects in twisted mass lattice QCD, J. High Energy Phys. 10 (2001) 041 [hep-lat/0108019]; R. Frezzotti and S. Sint, Some remarks on O(a) improved twisted mass QCD, Nucl. Phys. 106 (Proc. Suppl.) (2002) 814;

R. Frezzotti, Wilson fermions with chirally twisted mass, Nucl. Phys. 119 (Proc. Suppl.) (2003) 140.

[2] R. Frezzotti and G.C. Rossi, Chirally improving Wilson fermions, 1. O(a) improvement, J.

High Energy Phys. 08 (2004) 007 [hep-lat/0306014]; Chirally improving Wilson fermions, Nucl. Phys. 129 (Proc. Suppl.) (2004) 880 [hep-lat/0309157].

[3] M. Bochicchio, L. Maiani, G. Martinelli, G.C. Rossi and M. Testa, Chiral symmetry on the lattice with Wilson fermions, Nucl. Phys. B 262 (1985) 331.

[4] R. Frezzotti and G.C. Rossi, Twisted-mass lattice QCD with mass non-degenerate quarks, Nucl. Phys. 128 (Proc. Suppl.) (2004) 193 [hep-lat/0311008].

[5] K. Österwalder and E. Seiler, Gauge field theories on the lattice, Ann. Phys. (NY) 110 (1978) 440.

[6] P.H. Ginsparg and K.G. Wilson, A remnant of chiral symmetry on the lattice, Phys. Rev. D 25 (1982) 2649.

[7] O. Bär, G. Rupak and N. Shoresh, Simulations with different lattice Dirac operators for valence and sea quarks, Phys. Rev. D 67 (2003) 114505 [hep-lat/0210050].

[8] R. Narayanan and H. Neuberger, Infinitely many regulator fields for chiral fermions, Phys.

Lett. B 302 (1993) 62 [hep-lat/9212019]; Chiral fermions on the lattice, Phys. Rev. Lett. 71 (1993) 3251 [hep-lat/9308011]; Chiral determinant as an overlap of two vacua, Nucl. Phys. B 412 (1994) 574 [hep-lat/9307006]; A construction of lattice chiral gauge theories, Nucl. Phys. B 443 (1995) 305 [hep-th/9411108];

H. Neuberger, Exactly massless quarks on the lattice, Phys. Lett. B 417 (1998) 141 [hep-lat/9707022]; Vector like gauge theories with almost massless fermions on the lattice, Phys. Rev. D 57 (1998) 5417 [hep-lat/9710089].

[9] M. Lüscher, Exact chiral symmetry on the lattice and the Ginsparg-Wilson relation, Phys.

Lett. B 428 (1998) 342 [hep-lat/9802011].

[10] A. Morel, Chiral logarithms in quenched QCD, J. Phys. (France) 48 (1987) 1111.

[11] S.R. Sharpe and N. Shoresh, Partially quenched chiral perturbation theory without Φ_0, Phys.

Rev. D 64 (2001) 114510 [hep-lat/0108003], and references therein.

[12] XLF collaboration, K. Jansen, A. Shindler, C. Urbach and I. Wetzorke, Scaling test for Wilson twisted mass QCD, Phys. Lett. B 586 (2004) 432 [hep-lat/0312013].

[13] C. Pena, S. Sint and A. Vladikas, Twisted mass QCD and lattice approaches to the ΔI = 1/2 rule, J. High Energy Phys. 09 (2004) 069 [hep-lat/0405028]; Twisted mass QCD and the ΔI = 1/2 rule, Nucl. Phys. 119 (Proc. Suppl.) (2003) 368 [hep-lat/0209045]; Towards a determination of g_8 and g_{27} from twisted mass lattice QCD, Nucl. Phys. 129 (Proc. Suppl.) (2004) 263.

[14] E. Seiler and I.O. Stamatescu, Lattice fermions and theta vacua, Phys. Rev. D 25 (1982) 2177, erratum ibid. D 26 (1982) 534

– 39 –

[15] A.J. Buras, Weak hamiltonian, CP-violation and rare decays, in Probing the Standard Model of particle interactions, F. David and R. Gupta eds., Elsevier Science 2002 [hep-ph/9806471]; M. Battaglia et al., The CKM matrix and the unitarity triangle, CERN Yellow Report, based on the Workshop on CKM Unitarity Triangle, CERN, Geneva, Switzerland, 13-16 Feb. 2002 [hep-ph/0304132].

[16] D. Bécirević, Lattice results relevant to the CKM matrix determination, hep-ph/0211340;

L. Lellouch, Phenomenology from lattice QCD, Nucl. Phys. 117 (Proc. Suppl.) (2003) 127 [hep-ph/0211359].

[17] ALPHA collaboration, M. Guagnelli, J. Heitger, C. Pena, S. Sint and A. Vladikas K^0-K̄^0 mixing from the Schrödinger functional and twisted mass QCD, Nucl. Phys. 106 (Proc. Suppl.) (2002) 320 [hep-lat/0110097];

ALPHA collaboration, P. Dimopoulos, J. Heitger, C. Pena, S. Sint and A. Vladikas B_K from twisted mass QCD, Nucl. Phys. 129 (Proc. Suppl.) (2004) 308 [hep-lat/0309134].

[18] G. Martinelli, The four fermion operators of the weak hamiltonian on the lattice and in the continuum, Phys. Lett. B 141 (1984) 395.

[19] C. Bernard, A. Soni and T. Draper, Perturbative corrections to four fermion operators on the lattice, Phys. Rev. D 36 (1987) 3224;

C. Bernard, T. Draper, G. Hockney and A. Soni, Recent developments in weak matrix element calculations, Nucl. Phys. 4 (Proc. Suppl.) (1988) 483.

[20] M.K. Gaillard and B.W. Lee, ΔI = 1/2 rule for nonleptonic decays in asymptotically free field theories, Phys. Rev. Lett. 33 (1974) 108;

G. Altarelli and L. Maiani, Octet enhancement of nonleptonic weak interactions in asymptotically free gauge theories, Phys. Lett. B 52 (1974) 351; M.A. Shifman, A.I. Vainshtein and V.I. Zakharov, Light quarks and the origin of the ΔI = 1/2 rule in the nonleptonic decays of strange particles, Nucl. Phys. B 120 (1977) 316; Nonleptonic decays of K mesons and hyperons, Sov. Phys. JETP 45 (1977) 670 A.J. Buras and P.H. Weisz, QCD nonleading corrections to weak decays in dimensional regularization and ’t Hooft-Veltman schemes, Nucl. Phys. B 333 (1990) 66; W.A. Bardeen, A.J. Buras and J.M. Gerard, A consistent analysis of the ΔI = 1/2 rule for K decays, Phys. Lett. B 192 (1987) 138.

[21] A. Pich, B. Guberina and E. de Rafael, Problem with the ΔI = 1/2 rule in the Standard Model, Nucl. Phys. B 277 (1986) 197;

W.A. Bardeen, A.J. Buras and J.M. Gerard, A consistent analysis of the ΔI = 1/2 rule for K decays, Phys. Lett. B 192 (1987) 138;

A. Pich and E. de Rafael, Four quark operators and nonleptonic weak transitions, Nucl. Phys. B 358 (1991) 311;

J. Gasser and U.G. Meissner, On the phase of ϵ^′, Phys. Lett. B 258 (1991) 219; S. Bertolini, J.O. Eeg, M. Fabbrichesi and E.I. Lashin, The ΔI = 1/2 rule and B̂_K at O(p^4) in the chiral expansion, Nucl. Phys. B 514 (1998) 63 [hep-ph/9705244].

[22] L. Maiani and M. Testa, Final state interactions from euclidean correlation functions, Phys.

Lett. B 245 (1990) 585.

[23] L. Lellouch and M. Lüscher, Weak transition matrix elements from finite-volume correlation functions, Commun. Math. Phys. 219 (2001) 31 [hep-lat/0003023].

[24] C.J.D. Lin, G. Martinelli, C.T. Sachrajda and M. Testa, K → ππ decays in a finite volume, Nucl. Phys. B 619 (2001) 467 [hep-lat/0104006].

– 40 –

[25] A. Donini, V. Giménez, G. Martinelli, M. Talevi and A. Vladikas, Non-perturbative renormalization of lattice four-fermion operators without power subtractions, Eur. Phys. J. C 10 (1999) 121 [hep-lat/9902030].

[26] G. Martinelli, G.C. Rossi, C.T. Sachrajda, S.R. Sharpe, M. Talevi and M. Testa, Non-perturbative improvement of composite operators with Wilson fermions, Phys. Lett. B 411 (1997) 141 [hep-lat/9705018]; Non-perturbative improvement of lattice QCD at large momenta, Nucl. Phys. B 611 (2001) 311 [hep-lat/0106003].

[27] K. Symanzik, in New developments in gauge theories, G. ‘t Hooft et al. eds., Plenum Press, New York 1980, p. 313; Some topics in quantum field theory in Mathematical problems in theoretical physics, R. Schrader et al. eds., Lectures Notes in Physics, 153, Springer Verlag, New York 1982; Continuum limit and improved action in lattice theories, 1. Principles and Φ^4 theory, Nucl. Phys. B 226 (1983) 187.

[28] B. Sheikholeslami and R. Wohlert, Improved continuum limit lattice action for QCD with Wilson fermions, Nucl. Phys. B 259 (1985) 572.

[29] G. Heatlie, G. Martinelli, C. Pittori, G.C. Rossi and C.T. Sachrajda, The improvement of hadronic matrix elements in lattice QCD, Nucl. Phys. B 352 (1991) 266.

[30] K. Jansen, C. Liu, M. Lüscher, H. Simma, S. Sint, R. Sommer, P. Weisz and U. Wolff, Non-perturbative renormalization of lattice QCD at all scales, Phys. Lett. B 372 (1996) 275 [hep-lat/9512009], and references therein;

M. Lüscher, S. Sint, R. Sommer and P. Weisz, Chiral symmetry and O(a) improvement in lattice QCD, Nucl. Phys. B 478 (1996) 365 [hep-lat/9605038];

M. Lüscher, S. Sint, R. Sommer, P. Weisz and U. Wolff, Non-perturbative O(a) improvement of lattice QCD, Nucl. Phys. B 491 (1997) 323 [hep-lat/9609035].

[31] L. Maiani, G. Martinelli, G.C. Rossi and M. Testa, The octet nonleptonic hamiltonian and current algebra on the lattice with Wilson fermions, Nucl. Phys. B 289 (1987) 505.

[32] P. Hernandez and M. Laine, Correlators of left charges and weak operators in finite volume chiral perturbation theory, J. High Energy Phys. 01 (2003) 063 [hep-lat/0212014].

[33] S. Coleman, J. Wess and B. Zumino, Structure of phenomenological lagrangians, 1, Phys.

Rev. 177 (1969) 2239 C.G. Callan, S. Coleman, J. Wess and B. Zumino, Structure of phenomenological lagrangians, 2, Phys. Rev. 177 (1969) 2247;

S. Weinberg, Phenomenological lagrangians, Physica 96A (1979) 327 T.D. Lee, Brookhaven Lectures, BNL May, 1970;

C.W. Bernard, T. Draper, A. Soni, H.D. Politzer and M.B. Wise, Application of chiral perturbation theory to K → 2π decays, Phys. Rev. D 32 (1985) 2343.

[34] Classical reviews on Current Algebra, PCAC, SPT’s and all that are

S.L. Adler and R. Dashen, Current algebra and applications to particle physics, Benjami, New York 1968;

S.B. Treiman, R. Jackiw and D.J. Gross, Lectures on current algebra and its applications, Princeton University Press Princeton 1972;

V. de Alfaro, S. Fubini, G. Furlan and C. Rossetti, Currents in hadron physics, North-Holland, Amsterdam 1973.

[35] G. ’t Hooft, Symmetry breaking through Bell-Jackiw anomalies, Phys. Rev. Lett. 37 (1976) 8;

– 41 –

R. Jackiw and C. Rebbi, Vacuum periodicity in a Yang-Mills quantum theory, Phys. Rev. Lett. 37 (1976) 172;

C.G. Callan, R.F. Dashen and D. Gross, The structure of the gauge theory vacuum, Phys. Lett. B 63 (1976) 334.

[36] R.D. Peccei and H.R. Quinn, CP conservation in the presence of instantons, Phys. Rev. Lett.

38 (1977) 1440;

S. Weinberg, A new light boson?, Phys. Rev. Lett. 40 (1978) 223;

F. Wilczek, Problem of strong P and T invariance in the presence of instantons, Phys. Rev. Lett. 40 (1978) 279.

[37] S. Weinberg, Opening address to the Conference Neutrino 78, proceedings edited by E.C. Fowler, Purdue University;

G. Morchio and F. Strocchi, Schladming lectures, 1990, in Fields and particles, H. Mitter and W. Schweiger eds., Springer-Verlag, New York 1990;

J. Löffelholz, G. Morchio and F. Strocchi, A quantum mechanical gauge model and a possible dynamical solution of the strong CP problem, Ann. Phys. (NY) 250 (1996) 367.

[38] S. Aoki and O. Bär, Twisted-mass QCD, O(a) improvement and Wilson chiral perturbation theory, hep-lat/0409006.

[39] O. Bär, Chiral perturbation theory at non-zero lattice spacing, hep-lat/0409123.

[40] R. Frezzotti, Twisted mass lattice QCD, hep-lat/0409138.

[41] G. Münster and C. Schmidt, Chiral perturbation theory for lattice QCD with a twisted mass term, Europhys. Lett. 66 (2004) 652 [hep-lat/0311032];

G. Münster, C. Schmidt and E.E. Scholz, Chiral perturbation theory for partially quenched twisted mass lattice QCD, hep-lat/0402003.

[42] S.R. Sharpe and R. Singleton Jr., Spontaneous flavor and parity breaking with Wilson fermions, Phys. Rev. D 58 (1998) 074501 [hep-lat/9804028].

[43] G. Münster, On the phase structure of twisted mass lattice QCD, J. High Energy Phys. 09 (2004) 035 [hep-lat/0407006];

L. Scorzato, Pion mass splitting and phase structure in twisted mass QCD, hep-lat/0407023; S.R. Sharpe and J.M.S. Wu, The phase diagram of twisted mass lattice QCD,

hep-lat/0407025.

[44] χLF collaboration, A. Shindler, talk at Lattice 2004 Wilson tmQCD towards the chiral limit and private communication.

[45] F. Farchioni et al., Twisted mass quarks and the phase structure of lattice QCD,

hep-lat/0406039; Exploring the phase structure of lattice QCD with twisted mass quarks,
hep-lat/0409098.

[46] S. Aoki, New phase structure for lattice QCD with Wilson fermions, Phys. Rev. D 30 (1984) 2653; A solution to the U(1) problem on a lattice, Phys. Rev. Lett. 57 (1986) 3136.

[47] χLF collaboration, private communication.

[48] O. Bär, G. Rupak and N. Shoresh, Simulations with different lattice Dirac operators for valence and sea quarks, Phys. Rev. D 67 (2003) 114505 [hep-lat/0210050].

– 42 –

[49] M. Della Morte, R. Frezzotti and J. Heitger, Quenched twisted mass QCD at small quark masses and in large volume, Nucl. Phys. 106 (Proc. Suppl.) (2002) 260 [hep-lat/0110166]; ALPHA collaboration, M. Della Morte, R. Frezzotti and J. Heitger, A lattice approach to QCD in the chiral regime, hep-lat/0111048.

[50] M. Lüscher, R. Narayanan, P. Weisz and U. Wolff, The Schrödinger functional: a renormalizable probe for nonabelian gauge theories, Nucl. Phys. B 384 (1992) 168 [hep-lat/9207009];

S. Sint, On the Schrödinger functional in QCD, Nucl. Phys. B 421 (1994) 135 [hep-lat/9312079];

ALPHA collaboration, S. Capitani, M. Lüscher, R. Sommer and H. Wittig, Non-perturbative quark mass renormalization in quenched lattice QCD, Nucl. Phys. B 544 (1999) 669 [hep-lat/9810063];

ALPHA collaboration, M. Guagnelli, J. Heitger, R. Sommer and H. Wittig, Hadron masses and matrix elements from the QCD Schrödinger functional, Nucl. Phys. B 560 (1999) 465 [hep-lat/9903040].

[51] R. Frezzotti and G.C. Rossi, in preparation.

– 43 –